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Introduction

We are interested in vector-valued variational principles (or perturbed
minimization principles). Let us describe the context. ebe a
class of real-valued functions on a complete metric spacnd f :

X — R be a bounded below lower semi-continuous function. Is it
possible to perturlf by an elemeng of Z in such a way that the new
function f + g attains its minimum? These principles have been exten-
sively studied (see for example the well-known theorems of Bishop-
Phelps ], Ekeland [L2, 13] and also §, 8, 10, 11]). More gener-
ally one can consider a functigh: X — Y with Y a real Banach
space partially ordered by a closed convex pointed cone (see for exam-
ple [2, 9, 14, 15, 16, 18, 24, 25, 26]). In the vector-valued case there
are several possible extensions of the “scalar” notion of lower semi-
continuity, let us mention lower semi-continuity (Isc) and quasi lower
semi-continuity (g-Isc) 46]. Under the hypothesis that the interior
of the ordering cone is non-empty, R. Deville and C. Finet proved a
vector-valued version of the Deville-Godefroy-Zizler perturbed min-
imization principle for bounded below g-Isc functior.[ In [14],

this result is obtained without the above hypothesis on the cone but
only for Isc functions. All these proofs are using a scalarization pro-
cess (se&kemark 29. In this paper, we introduce a new notion of
lower semi-continuity weaker than the two others. We call it order
lower semi-continuity (o-Isc) because it links the norm topology with
the partial order ofY”. We then establish a vector-valued version of
the Deville-Godefroy-Zizler perturbed minimization principle for o-
Isc functions Theorem 2y which improves the above two. The inter-
est here is in the proof which does not use any scalarization process.

Section 1of the paper is devoted to some preliminaries, particularly
the definitions of lower semi-continuity and quasi lower semi-conti-
nuity and the link between these notions.
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In section 2 we introduce the notion of order lower semi-continuity
and we describe the relation to the other notions of lower semi-con-
tinuity. Lower semi-continuity implies order lower semi-continuity
(Proposition 3. The converse is not true even whgns finite dimen-
sional. However, whelf is an order-bounded function and each order
interval of Y is compact, order lower semi-continuity implies lower
semi-continuity Proposition 1. For real-valued functions, the three
notions of lower semi-continuity coincide. In general g-Isc does not
imply o-Isc. We introduce a new property for a partially ordered Ba-
nach space called Monotone Bounds Property (MBP) and prove the
implication for Banach spaces with MBProposition J. Many Ba-
nach spaces have MBP, for example when the interior of the ordering
cone is non-empty (to our knowledge, the only case in which the opti-
mization problem for g-Isc functions has been investigate®)R, 1)
wherey is a measure ant < p < oo, Co(R"™), every Banach lattice
(and in particular every Banach space with unconditional basis, en-
dowed with the natural order) but not any finite dimensional space has
MBP. When{ is an order-bounded function, we get the equivalence
of the three notions fo¥” with MBP and such that each order inter-
val is compact, in particular for finite dimensiongl(Corollaries 10
and15). This section shows the complexity of the situation for the
vector-valued case in comparison with the scalar one.

A summary of the different relationships is given (sege 19.

In section 3 we study the sum of (quasi-, order-) lower semi-conti-
nuous functions. The sum of two Isc functions is 18€][but this is

not true for g-Isc or o-Isc functions. However, when the Banach space
Y has MBP and is such that the order intervals are compact the sum
of two o-Isc bounded below functions is o-ldcefnma 22. In any
case, the sum of a continuous function and a o-Isc function is o-Isc
(Lemma 2).



Section 4is devoted to a vector-valued version of the Deville-Gode-
froy-Zizler perturbed minimization principleTbeorem 2y. We in-
troduce the notion of-infimal points of a non-empty subset &f.

We prove the existence and localization of such points for bounded
below subsets of (Proposition 2§ and use it to establish our exten-
sion without scalarization process. As corollaries, we get a vector-
valued extension of Ekeland variational principteofollary 31 and

of Borwein-Preiss smooth perturbed minimization principi®iol-

lary 32.

1 Preliminaries and notation

Throughout this papeX andY are two real Banach spaces ands
partially ordered by a closed convex pointed cdneNo assumption
is required on the interior ok'.

For any elementg, z € Y, we will write y < z whenever: —y € K.
The setly,z] := {z € Y : y < = < z} is called theorder interval
betweery andz. We say that a sequen¢g,) C Y is non-increasing
and we use the notatiay, \, whenever, for all, y,+1 < y,. The
ball of centerry and radius- (resp. inX) will be denoted byB(z, r)
(resp.Bx (zo,7)).

Let S be a non-empty subset &f. We denote respectively hyit S
and S, the interior and closure d§. Let us recall the associated al-
gebraic notions17]. The algebraic interior, cor S, of S is the set
of pointsy such that for eackh € Y there exists some real number
A: > 0Owith y + Az € Sforall Ain [0,\.]. An elementy € Y is
calledlinearly accessibldrom S if there exists some € S, z # y,
such that\z + (1 — \)y € S forall A in |0, 1]. The union ofS and the
set of all linearly accessible elements frafris called thealgebraic
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closureof S and its denoted biin S. If S is convex andnt S # &,
thenint S = cor S andS = lin S. We denote byAff S theaffine hull
of S.

Let f be a function fromX to Y. In [5] and [2€], the authors intro-
duced the following two notions of lower semi-continuity:

= f is said to bdower semi-continuou@sc) atzy € X iff, for each
neighborhood” of f(z() in Y, there exists a neighborhoad of
xoin X such thatf(U) C V + K.

» [ is said to bequasi lower semi-continougl-Isc) atzy € X iff,
for eachb € Y such that # f(zo), there exists a neighborhood
U of zg such thab % f(z) for eachz in U.

A function f is (resp.quasi) upper semi-continuoysisc for short
(resp. g-usc), it—f is Isc (resp. g-Isc). A functiorf is Isc (resp.
quasi-Isc) iff is Isc (resp. g-Isc) at each point &f.

Let us give some well-known facts concerning these notions (Jee [

and 2q]).

= Afunction f is Isc atz iff limg .4, d(f(2), f(20) + K) = 0.

= A function f is g-Isc iff for eachb in Y, the setf{ f < b} := {z €
X : f(xz) < b}is closed inX.

» Alsc function atxg is g-Isc atxy.

The notions of Isc and g-Isc coincide for real-valued functions, but it
is not the case in general: if we také = R?, K = R?, then the
function f : R — R? defined by

(=1,1/|z]) fz#0

@) i@ :{(0,0) if 2 =0

is g-Isc but not Isc af.



A function f is said to bébounded belowresp.abovg if there exists
someb in Y such thab < f(z) (resp.f(z) < b)forallz € Y.

A function f is said to beorder-boundedf it is both bounded below
and above.

2 Order lower semi-continuity

In this section, we introduce a new notion of lower semi-continuity
called order lower semi-continuity because of its relationship with the
order. We compare this notion with the previous ones and we give
some examples. We also study the relationship between continuity
and order lower and upper semi-continuity.

Definition 1. A function f : X — Y is said to beorder lower
semi-continuougo-Isc) atzy € X iff, for each sequencér,) C X
converging toz, for which there exists a sequengs,) C Y con-
verging to0 such that the sequenc¢¢(x,,) + €,,) is non-increasing,
there exists a sequentg,) C Y converging td) such thatf(zg) <
f(zn) + gn forall n.

A function f : X — Y is said to beorder upper semi-continuous
(o-usc) if— f is o-Isc.
The definition of o-Isc can be expressed more briefly as follows:

Tn — T andf(xn) + 0(1) N = f(xO) < f(ajn) + O(U'

Itis easy to prove :

Lemma 2. A functionf : X — Y islIsc atxy iff (z, — x9) =

(f (o) < flan) +o(1)).



It follows :

Proposition 3. If f is Isc atxg thenf is o-Isc atz.

In general, for vector-valued functions, o-Isc does not imply Isc. For
example, let us take again the functigrdefined fromR to R? (en-
dowed with the natural ordering coﬂi@l) by (1). This function is
o-Isc but not Isc afl. We will prove that, for real-valued functions, the
three notions of semi-continuity coincide.

Lemma 4. Let f be a function fromX to Y. Thenf is Isc atxg

(resp. o-Isc) iff from any sequence,,) converging tazy € X (resp.
with f(z,) + o(1) \) one can extract a subsequen@é,) such that
f(wo) < f(a,) +0(1).

ProoF  We will only deal with the assertion for Isc functions, the
one for o-Isc being similar. The ‘only if’ part is obvious. For the ‘if’
part, let us suppose by contradiction thas not Isc. Therefore there
exists some > 0 and a sequence, — x in X such that,

2 foralln, f(z,) ¢ B(f(z0),e)+ K.

By hypothesis, one can extract a subsequénte C (z,,) such that

f(xo) < f(a,) +0(1). Thusf(z;,) = f(zo) + o(1) € B(f(z0),¢)
whenn is large. This contradictej. O

Corollary 5. For real-valued functions the three notions of lower
semi-continuity are equivalent.

PROOFE Let f be a real-valued function defined dh As recalled
above, g-Isc and Isc are identical properties for real-valued functions.
So, all we have to prove is that jf is o-Isc atzg € X thenf is
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Isc atzy. We will use the characterization of Isc functions given by
Lemma 2 Let (x,,) C X be a sequence convergingae. If (f(x,))

is bounded, one can extract a subsequdntg C (z,) such that
(f(z])) converges ifR: Ja € R, f(a]) + o(l) = a. Sincef is
o-Isc atxg, f(xo) < f(z),) + o(1). On the other hand, iff(x,)) is
unbounded, either one can extract a subsequence such(jgt\,
—oo or f(z],) — +oo and, in the two cases, the same conclusion
holds: f(x¢) < f(z},) +o(1). By Lemma 4 f is Isc. O

Now, we want to prove the implication “g-Ise- o-Isc” for a quite
large family of partially ordered Banach spaces.

Definition 6 (Monotone Bounds Property). One says thatY, K)
has themonotone bounds propert)¥BP) iff any sequencéy,,) C Y
converging td) has a subsequen¢g,) C (y,,) for which there exists
a non-increasing sequen¢g,) C Y converging to0 such that for
alln, y;, < 7.

Let us note that not angy, K), even finite dimensional, has MBP.
Indeed, lety = R?, K = {(x,0) € R? : = > 0} and take, for
exampley,, = (0,1/n) for all n in Ny. Let us give some examples of
(Y, K) with MBP.

» If K has a non-empty interior then (Y, K') has MBP.
Indeed, letey € int K andd > 0 be such thaB(eg,d) C K. Then
B(0,1) € —ep/0 + K and by symmetry we also hau&0,1) C
eo/0 — K. So, by lettinge = e¢/d, we have, for each € Y, +y <
llylle. If (yn) C Y is a sequence converging to O it suffices to take
Yp 1= (Sumen ||ym||)e
It follows that/>° andL>°(£2, u), where(£2, 1) is a measurable space,
endowed with the natural ordering cone have MBP.
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Let us remark that wheint K # @, MBP is equivalent to the fol-
lowing property: each sequence convergingtm Y has an order-
bounded subsequence.

n If (Y, K) is a Banach lattice then(Y, K') has MBP.

Indeed, let(y,,) be a sequence il converging ta). Since(|yy,|) is
also a sequence convergingitaup to a subsequence, we can assume
thatd~ 2, || [y ||y is finite. Let us defingg,,) by 7, := >, [ym|

for all n. It is clear that(y,,) is a non-increasing sequence converging
to0inY andy, < g, for all n.

It follows that every Banach space with unconditional basis endowed
with the natural order associated to the basis has MBP. In particular,
(1 < p < +o0) andcy, endowed with the natural orders, satisfy
MBP. Also, LP(2, 1) (1 < p < +00), where(£2, i) is a measurable
space, endowed with the order associated to the unconditional Haar
basis has MBP.

Even though the natural order d# (i.e., the pointwise order) is com-
pletely different from the order induced by the basis. Indeed, we have
the following:

n LP(Q, ), where (€, 1) is a measurable spacep( € [1, +ool)
endowed with the natural ordering coneK := {f € LP(Q,pu) :
f > 0 p-a.e} has MBP.

Let (y,) be a sequence ib”(Q2, ) converging to0. There exists
(yh) C (yn) andy € LP(Q, u) such thatyu-a.e. onQ, y/, — 0 and,
for all n, [y,| < y [7]. Let us defing(y,,) by ,, := sup,,>, yy, for
all n. Clearly,y, < 7, < v, (y,) is non-increasing and, for a.e.
r € Q, limy,(r) = limy/,(z) = 0. By the Lebesgue dominated
convergence theorem we hayg, |, — 0.

= Cp(92), where Q2 is a non-empty subset ofR”, endowed with
the natural ordering cone has MBP.
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Indeed, if(y,,) is a sequence i6y(£2) converging td), up to a subse-
quence, we can assume that? | [|ynllcc < co. Let us defingy,,)
bY Y, = D> [ym| for all n. Itis clear thaf(y,, ) is a non-increasing
sequence converging in Cy(2) andy,, < ¥,, for all n.

Let us remark that, in general, we cannot hope to bound the original
sequencéy,, ) by a non-increasing sequengg,) converging td. We

will see it forY = LP([0,1]), p € [1,+oc[, K the natural ordering
cone and the following sequence reminiscent of the Haar system: for
n € Ngandk =1,2,3,...,2",

y®) () = {1 if « € [(k—1)/2", k/2"]
" " L0 otherwise

and YO(O) (x) = 1forall z € [0,1]. If we define the sequendg,,)
asy; = YO(O), Yo = Yl(l), Y3 = Yl(z),y4 = Yz(l), ... we can easily
see thaty, — 0 in L?([0,1]) and that we are forced to take, >
Sup,, >, Ym in order to havey,, < 7,, < 7,. But for anyz in [0, 1]
and for alln, (sup,,>, ym)(z) = 1 and thusy,, # 0 in LP([0, 1]).
However (y),)n>1 = (Yn(l))@1 is a non-increasing subsequence of

(yn)n>1'

Proposition 7. Let f be a function fromX to Y where (Y, K) has
MBP. If f is g-Isc thenf is o-Isc.

PROOF Let(z,,) be asequence i converging tory and for which
there existge,,) C Y such that|e, ||y — 0 andf(x,) + &, \.. Ap-
plying MBP to the sequence-¢,,), we get a subsequenc¢e,, ), C
(en)n for which there exists a non-increasing seque@ge C Y con-
verging to0 in Y and such that-¢,, < g for all k. Letk, be fixed.
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For allk > kg, we have:

f(@n,) f(xnko) t Enyy — Eny,
f(l'nko) t+ Engy T Eko-

NN

Sincex,, — zo andf is g-Isc atxy, for all £y:

F(20) < F(Zny,) + Enyg + Eho-

As |len, + Eklly — 0, we have: f(zg) < f(zn,) + o(1) and by
Lemma 4 f is o-Isc atxy. O

Without MBP, Proposition 7s false. Let us tak& = R? andK =
{(x,0) € R? : z > 0}. The functionf defined fromR to R? by

__[(0,0) ifc=0
)= { (|z|,|z| +1) otherwise

is g-Isc but not o-Isc at = 0.

Let us now study the relation between quasi and order lower semi-
continuity for bounded below functions.

Proposition 8. Let f be a bounded below function frafto Y where
the dimension oY is finite. If f is g-Isc thenf is o-Isc.

ProOF Ifint K # @ then(Y, K) has MBP and byProposition 7
we have the result. Let us suppose thatAiht= @ and, without loss
of generality, for allz € X : 0 < f(x), thatisf(X) ¢ K C
Aff K. Since, in the finite dimensional case, the interiorfoffor
the topology relative to\ff K is non empty 1], the normed vector
space(Aff K, K) has MBP and therefore we have: for &) C
X converging toxg for which there existgy,,) C Aff K such that
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lynlly — 0 andf(zy,) + yn \, there existgg,) C Aff K such that
llgnlly — 0 andf(xzo) < f(xn) + gy for all n. We have to remove
the restriction(y,,) C Aff K. Suppose thaly,),>1 C Y is such that
llynlly — O0andf(z,) + yn \.. Letus prove thaty,) C Aff K. For
all n, let us writey,, = a,, +t, witha,, € Aff K,t, € T, whereT is a
topological complement okff K in Y, and||a,|y — 0, ||tn]]ly — 0
as we can work with the equivalent notw,|| := |lan|ly + lltally-
From f(z,,) + yn < f(x1) + y1,n > 1, we deduce

t1 —tp = —f(x1) —a1 + f(zn) + an + kn

for somek,, € K. The fact that the right-hand side is an element of
Aff K andAff K N T = {0} imply ¢t; = ¢, foralln > 1. Since
lltnlly — 0, t,, = 0 for all n. O

Proposition 9. Let f be a bounded below function frofto Y where
(Y, K) is such that every order interval is compact.fIfs o-Isc then
fis g-Isc.

PROOF Letb € Y and(z,) be a sequence IX converging taz
such thatf(z,) < b for all n. Let a denote a lower bound of.
The intervala, b] is compact. Thus, one can extract a subsequence
(x],) C (xy) such that(f(x])) converges to somgy € [a,b]. In
other words f(z},) +o(1) = yo whenn — oo. Sincef is o-Isc atzy,
that impliesf(zo) < f(z},) +o(1) < b+ o(1) for all n. SinceK is
closed, we deducg(zy) < b and that concludes the proof. O

Let us remark that every order interval of a finite dimensional Banach
space partially ordered by a closed, convex, pointed cone is compact.
Indeed, the only thing to see is that every order interval is bounded.
Without loss of generality, one can assume that the interval is of the
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form [0,0]. If int K # @, int K = cor K # @ and sincek is al-
gebraically closed and pointed, there exists a n@rri on Y with

the property that for alb € K : = € [0,b] = |[z| < |[b]| [17].

Then it follows immediatly, by equivalence of the normsYn that
[0,0] is bounded. lfint X' = &, let us consideAff K and7 a topo-
logical complement ofAff K in Y. Sinceintag x K # @, we have
corap g K = intag g K # @ andK = FAHK = linpg g K. Then
there exists a nornf - || ag x on Aff K such that for allz € [0, b]:

x| ag x < [|b]|lag k. If forall y € YV, we defin€||y|| = ||allag x +

[ty wherey = a +twitha € AFK, ¢t € T, ||-|| is an equiv-
alent norm onY” such that for allz € [0,b]: ||z]| < |[|b]| (since
[0,0] C K C Aff K). It follows:

Corollary 10. Lef f be a bounded below function fromto Y where
the dimension oY is finite. Thenf is g-Isc if and only iff is o-Isc.

We now give some other examples of pdiYs K') for which the order
intervals are compact.

If Y is a Banach space with unconditional basis an& is the nat-
ural cone associated to the basis, then the order intervals are com-
pact.

We denote the unconditional normalized basig &y;>; and the un-
conditional basis constant [y [3, 23]. Letb = :°, bje; € Y and
(yn) C [0,b]. Since all the interval, b;] of R are compact, by using
a diagonal argument, one can extract a subsequengge C (yn)n
such that all components convergé: > 1, y,,; —= v; € [0,bi].
By unconditionality of the basisy* = > .2, y*e; belongs toY.
It remains to prove thaty,) converges ta/*. Lete > 0. Since
the seriesy .7, b;e; converges inY, there exists/, > 1 such that
| > 41 bies]| < /4C and there existsV. > 1 such that for
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n > N, Yk b — vfl lleill < /2. So, by unconditionality of
the basis, fon > N,:

o0
Iy = v* I < /24 | 2 Whi— v)e
=141

(o]
<6/2+20H Z bie;|| <e.

i=I+1

Let us note that it is not true foL.>°(Q2, ) (resp.¢>°) endowed
with the natural order because the order intefvakq, xq] (resp.
[(—1,-1,...),(1,1,...)]) correspond to the unit ball df>(2, x)
(resp.£=°).

Moreover, one can find bounded below o-Isc functions with values in
¢> which are not g-Isc . We can see it with the functiprdefined
from [0, 1] to £>° (endowed with the natural order) by:

(1,1,...) ifz=0
@) flx)y=1<(0,... 707P1/2n,1/2n+1(95)7171/2n+_1,1/2n (95)7107 . -1-)
n If x 6 |:2n+1 9 27]
wherep, ; is the affine map defined by
h—
Pap : [a,b] = [=1,0] : z = pgp(z) == —ﬁ (a,b € R).

This f is o-Isc atz = 0 (as itis impossible to findz,,) C [0,1], z, —
0 such thatf(x,) + o(1) \), notg-Isc atr = 0 ({f < 0} =]0,1])
and bounded below b1, —-1,...).

The same negative result holds 161°(R). Let us consider the func-
tion f defined from0, 1] to L>°(R) (endowed with the natural order)

by:
fla) = XR if z=0
x)= —X]1/2n+1,1/2n] |f T € ]1/27’1-&-1) 1/2”]
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The functionf is o-Isc atz = 0 (as it is impossible to findz,,) C
[0,1], x,, — 0 such thatf(z,) + o(1) \), fis not g-Isc atr = 0
(zy :=1/2" — 0, f(z,) < 0but f(0) = xr £ 0) andf is bounded
below inL>°(R) by —xg. Proposition ds thus false fol” = L*°.

In Co(R) the order intervals are not necessarily compact. Let us con-
sider the order interval, f] wheref is defined by

0 ifz<—-1orx > 2,
)zl if —1<2<0,
fla) =91 ifo<z<l1,

2—z ifl1<z<2.

Itis impossible to extract a converging subsequence from the sequence
(fu)n>1 C [0, f] defined by

0 ifx<1/2"orx > 2,
fol) = 2"y —1 if1/2" <wx < 1/277 1,
B I if 1/2771 <2 <1,

2—=x if 1 <z <2,

because it is pointwise convergent to a discontinuous function. Let us
take the functiory : [0, 1] — Co(R) defined by

g [ =0,
9(t) = fo ifte]1/2mtt 1/2n],
where

hz)=<¢ z+1 if —1<2<1/2,

0 fz<—-1lorz > 2,
2—z ifl1/2<x <2

This functiong is o-Isc att = 0 (sincef,, ,/ and||f,— fillc, = 1 for
all n # m, itis impossible to have, — 0 with g(¢) + o(1) \) but
not g-Isc att = 0 (because for all # 0, g(t) < f butg(0) = h £ f).
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Proposition 9s thus false for” = Cy(R) endowed with the natural
order.

In LP(R, ) (wherep € [1,+o00] andy is the Lebesgue measure), the
order intervals are neither necessarily compact. Let us consider the
order interval0, x|o,;)] and the sequend¢.,),>1 C [0, x|o,1)] defined
by

fn= Z X[2i/2n,(2i+1) /2]

0<i<2n—1-1

We havel| f,, — fm|[h = 1/2 for all n # m and thus it is impossible to
extract a convergent subsequence f),,>1. Moreover, one can find
a counter-example tBroposition %or Y = LP(R, 1) endowed with
the natural order. Let us consider the functipn [0, 1] — LP(R, p)

such that _
- 2X[071] |f t= 0,

9(t) = {fn if ¢ €]1/27+1 1/2m).
This function is o-Isc at = 0 (because it is impossible to hatge— 0
andg(tr) + o(1) ) but not g-Isc at = 0 (since for allt # 0,
9(t) < X[o,1) butg(0) = 2x70,1) £ X[0,1]-

The following lemmas give an analogous for vector-valued functions
of the well-known characterization of being Isc for real-valued func-
tions, namelyf(zp) < lim f(x).

e —x0

Lemma 11. Let f be a function fromX to Y, o-Isc atzg € X. The
following property holds:

(4) if 2, — 0 and f () — yo then f(zo) < yo.
PROOF Let(x,) be a sequence convergingit@in X . The fact that
(f(z,,)) converges to somg, € Y can be writtenf (z,,) + o(1) = o

whenn — oo. Sincef is o-Isc atz, that impliesf (z¢) < f(zn) +
o(1) = yo + o(1) and sincek is closed, we havé(zg) < yo. O
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Lemma 12. Let f be a bounded below function froi to Y where
(Y, K) has MBP and is such that every order interval is compact. If
the property (4)holds thenf is o-Isc atz.

PROOF Let (z,,) be a sequence convergingtg € X for which

there existge,,) C Y converging to) and such thaf (z,,) + ¢, \..

Since(Y, K') has MBP, there exists a subsequefig ), C (e,,),, for

which there exists a non-increasing seque@@gé C Y converging to
0 and such that-¢,,, <&, forall k. Leta € Y be suchthat < f(z)

for all z in X andkg be fixed. For alk > ko,

a< f(xnk) < f(xnko) + 5nk0 — Eny < f(xnk()) + €nk0 + €k
Since(a, f(2n,,) +&n,, +Ek| is compact, there exists a subsequence
(T, )k C (T, )32y, @ndyo € Y such thatf(z;,, ) — Y- By

property @), f(xo) < yo. Thusf(zo) < yo = f(},,) + o(1) which
concludes the proof in virtue afemma 4 O

Let us mention that not every norm bounded functfonX — Y is
bounded below, even I is finite dimensional. However, this impli-
cation is true wheint K # &.

It is readily proven using the compactness of closed balls, that when
Y is finite dimensional ang is norm bounded then th@woperty @)
implies thatf is o-Isc atz. In fact more is true. Proceeding exactly
like in the proof ofProposition §we obtain:

Lemma 13. Let f be a bounded below function froi to Y where
Y is finite dimensional. Iproperty @) holds thenf is o-Isc aty.

Let us remark thatemma 13is false if f is not bounded below. Let
us take the functiorf defined from(0, 1] to (R?,R2) by:

(0,0) if z=0;
f(x) =< (1/n,1) if x €]1/27" 1/2"] andn even;
(—n,1) if x €]1/2""1 1/2"] andn odd.
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This function is not bounded below. Lét,,) C [0, 1] be a sequence
converging ta: if (f(x,)) converges it must necessarily be(@o1).
Then f(0) = (0,0) < (0,1) = lim,,.» f(x,) and @) is satisfied.
But £ is not o-Isc a0. Indeed, taker,, = 1/22"*! for all n: (f(x,))
is non-increasing and it is impossible to ha¥®) < f(z,) + o(1).

Now, let us study the implication “o-lse> Isc” for order-bounded
functions.

Proposition 14. Let f be an order-bounded function froki to Y
where(Y, K) is such that every order interval is compact|is o-Isc
thenf is Isc.

PROOF LetbandbinY be such thab < f(z) < bforall zin X.
Since|b, b] is compact, there exists a subsequefég C (z,,) and
yo € [b,b] such thatf (z7,) —=5 yo. By Lemma 11 f(z0) < yo =

f(z},) + o(1) which concludes the proof in view demma 4 O

Proposition 14s false if we do not have the compactness of the order
intervals. Indeed, the function froffy, 1] to ¢>° defined by 8) which

is bounded below by—1,—1,—1,...) and above by1,1,...), is
o-Isc but not g-Isc ab and thus not Isc ai. It is neither possible to
drop the assumption thdtis bounded above as shown by considering
f: R — (R%* R2) defined by formulaX). Propositions Znd14 and
Corollary 1Q imply:

Corollary 15. If Y is finite dimensional then the three notions of

lower semi-continuity coincide for order bounded functions ftf&m
toY.

And by Propositions, 7, 9 and14, we have:
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Corollary 16. If (Y, K) has MBP and is such that every order interval
is compact, then the three notions of lower semi-continuity coincide
for order bounded functions fro to Y'.

Summary. Letf : X — (Y, K),dimY > 1. We have the following

relationships:
/ ’\\(...)
(I)

(ii)
(i) Y hasMBP or dimY < ocandf is bounded below.
(i) fis bounded below and order intervals are compact.
(iii) f is order bounded and order intervals are compact.

We now study the vector-valued analogue of the following equiva-
lence: “a real-valued functioifi is continuous if and only if it is Isc
and usc.” Itis not the case for vector-valued functions. For example,
let us take the functiorf defined fromR to R?, endowed with the
natural ordering cone, by

0,-1)+(1,-1)/z ifz<O0
f(z) =< (2,-2) ifx=0
(1,0) = (1,-1)/x ifz>0

This function is not continuous at= 0 but it is g-Isc, g-usc and thus
o-Isc and o-usc sincg?, R3 ) has MBP.

Let us remark that this function is not bounded, neither below nor
above. However,
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Proposition 17. Let f be an order bounded function frold to Y
where(Y, K) is such that every order interval is compact. Theis
continuous ifff is o-Isc and o-usc.

PrROOF Itis obvious that continuity implies order lower and upper
semi-continuity. Let(z,,) be a sequence i converging tar, and
b,b € Y besuchthab < f(z) < bforall zin X. One can extract

a subsequencgr;,) C (z,) such thatf(z;,) —= vo € [b,b] and,
by Lemma 11 if f is o-Isc and o-usc aty, then f(z¢) < yo and
f(z0) = yo. SinceK is pointedf (z¢) = yo and thenf (z},) — f(zo).
An argument similar to the one in the prooflafmma 4concludes the

proof. O

By Corollary 15 we have:

Corollary 18. Let f be an order bounded function froMto Y where

Y is finite dimensional. Then, whatever the notion of lower semi-
continuity, f is continuous if and only if is lower and upper semi-
continuity.

By Corollary 16 we have:

Corollary 19. Let f be an order bounded function fromto Y where

(Y, K) has MBP and is such that every order interval is compact.
Then whatever the notion of lower semi-continujtys continuous if
and only if f is lower and upper semi-continuous.

Remark20. In [26], this kind of result is considered for the notion of
lower (upper) semi-continuity:

if (Y, K)is normal,f is continuous ak, iff f isIsc and usc aty.
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Let us recall thatY, K) is normal if the following property holds
([17, 19, 22)):

>0, Vye K, Ve, 0,y = |z[ <Ayl

For example(y(2) andL?(Q, u), p € [1,400], endowed with the
natural order are normal. Every Banach lattice (and in particular ev-
ery Banach space with unconditional basis endowed with the natural
cone) is normal. In virtue of the discussion pade (Y, K) is also
normal wheneveY is finite dimensional.

Let us considel” = ¢y andz,, := > (—1)"*"e; where(e;)2,
denotes the natural basis&f Then(z,,) is a conditional basis af;
and the associated ordering cone is not normal (@&epf 477]).

3 Sum of lower semi-continuous functions

In [26], the authors prove that the sum of two Isc functions is Isc. That
is no longer true for o-Isc functions. Let us consider the function
from [0, 1] to ¢>° (endowed with the natural order) defined by

(1’ 1’ ) ifx=0
S(l‘) = (07“.’0’ —p1/2n,1/2n+1($)71>1"") if z € [271%,2%]

s is not o-Isc atr = 0 (since(s(1/2")),, is non-increasing and it is
impossible to have(0) < s(1/2") 4+ o(1)). We can writes = f + g
where f is the o-Isc function defined by8Y andg = s — f is o-
Isc atz = 0 (and continuous elsewhere) because, forcah [0, 1],
g(0) = (0,0,...) < g(x). Let us remark that the functionsandg
are bounded below. However, we have the following facts.

Lemma 21. The sum of a continuous function and an o-Isc function
is o-Isc.
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PROOF Let f andg be two functions defined fronX to Y, f o-
Isc atzy € X andg continuous at,. Let (z,) be a sequence iX
converging tory and(e,, ) be a sequence iri converging td) and such
that f (z,,) + g(zn) + €5, \.. Sinceg is continuous at, there exists
(9n) C Y converging td and such that, for alt, g(xo) = g(zy)+9gn-
So, since f(x,) + g(zy) + €,) iS NON-increasing, we have for ail
f(@ng1)—gnr1+ent1 < f(zn) —gnt+en With || =g, +e,]ly — 0. By
order lower semi-continuity of at z(, there existg f,,) converging
to 0 in Y and such that, for alb, f(xo) < f(zn) + fn and then
f(@o) + g(zo) < f(2n) + g(zn) + fo + gn With || fr + gnlly — 0.
This concludes the proof. O

Lemma 22. If (Y, K) is such that every order interval is compact,
then the sum of two o-Isc bounded below functions oo Y is a

g-Isc bounded below function. Moreover, the sum is o-Isc if we assume
(Y, K) has MBP.

The previous example shows thatmma 22s false without the com-
pactness of order intervals.

PROOF Let f andg be two o-Isc functions. We will provg + ¢

is g-Isc. Letb € Y and(z,) be a sequence iX converging toz

such thatf(z,) + g(z,) < b. Sincef andg are bounded below

and the order intervals are compact, we have, up to a subsequence,
f(zn)+0(1) = yo andg(z,,)+0(1) = zg whereyy, zo € Y. By order

lower semi-continuity off andg, we havef (z¢) < f(z,)+o(1) and

g(w0) < g(wn)+0(1). Thusf(x0)+g(0) < f(zn)+g(zn)+0(1) <
b+o(1). SinceK is closed,f + g is g-Isc. ByProposition 7if (Y, K)

has MBP, the sunf + g is o-Isc. O

Remark3. In[9], the authors asserted that the sum of two g-Isc func-
tions is g-Isc. This is not true in general. Indeed, let us take the func-
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tions f andg defined fromR to (R?,R2 ) by

0,0) ifz=0
—1,0) +(1,-1)/|z| fz#0

(
(

[ (0,0) if 2 =0

9=y g0

The function f (resp.g) is g-Isc atz = 0 since for allb ¢ R? it
is impossible to findz,,) converging to0 and such thaf(z,) < b
(resp.g(zy,) < b) for all n. But the functionf + g is clearly not g-Isc
atz = 0. Let us point out that neithef nor g is bounded below.

For bounded below functions with values in a finite dimensional space
Y, the assertion is correct in view bémma 22 On the other hand, if
Y is infinite dimensional, it is not known whether this is still the case.

Concerning g-Isc functions, we can affirm:

Lemma 24. Let f and g be two functions defined frofi to Y where
(Y, K) has MBP. Iff is g-Isc andy is Isc thenf + g is g-Isc.

PROOF Let(z,) be a sequence iX converging tary andb € Y
be such thaif (x,) + g(x,) < b for all n. Sinceg is Isc atxg, by
Lemma 2 there exists a sequengg,) converging td in Y and such
thatg(zo) < g(xy,)+gn foralln. So, foralln, f(z,) < b—g(xo)+gn.
Since (Y, K') has MBP, there exists a non-increasing sequénce
converging td) in Y and such that, up to a subsequengex g,, for
all n. Letng be fixed. Fom > ng, we have:f(z,) < b—g(zo) + gy,
and sincef is g-Isc atzg, f(zo) < b — g(wo) + g,,. Then, since
g, — 0 andK is closed,f(xo) < b — g(zo). This concludes the
proof. O
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4 Vector-valued Deville-Godefroy-Zizler
perturbed minimization principle

Let f be a function fromX to Y. The vector minimization problem
under consideration is:

findz € X suchthafz € X : f(x) < f(z)} = {Z}.

Suchz is called arefficient solutiorof f and f(Z) is said to be an
efficient pointof f(X).

In general, for a given bounded below o-Isc function there is no reason
why such at should exist inX. Our problem is to find a perturbation

g as small as possible such tligt+ ¢)(X) admits an efficient point.

We say that a functiorf : X — Y has astrong efficient solutionon X

atz if z is an efficient solution anflz,, — || — 0 wheneverz,,) C

X is such that| f(z,) — f(Z)|| — 0 (every minimizing sequence is
convergent).

Definition 25. Let C' be a non-empty subset af ands € R be
fixed. A pointyy € C is said are-infimal point ofC' in the direction
ofe € K\ {0} if and only if

dp >0, Cﬁ(yo—ee—i—B(O,p)—K) = .

Let us mention that Ch. Tammer, i@4, 25], introduced the notion

of e-approximatively efficient points of' C Y: these are pointg
satisfyingC N (yo — ee — K \ {0}) = @. This allows her to obtain

an Ekeland-type variational principle by using a scalarization proce-
dure for vector-valued g-Isc functions. The interior of the ordering
cone is also required to be non-empty. Let us note that C. Firdgt [
obtained the same result without any hypothesis on the interior of
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the ordering cone. The proof is also based on a scalarization pro-
cedure and follows the idea of I. Ekeland for the scalar cagg [
Lately, Ch. Tammer16] obtained the same kind of results without
any scalarization. The method used is similar to the one of Bishop
and Phelps in their pioneer papéf.[She introduced some notions of
lower semi-continuity close to g-Isc and Isc. In Coroll&d; we ob-

tain an Ekeland-type variational principle for o-Isc functions from our
vector-valued Deville-Godefroy-Zizler perturbed minimization prin-
ciple (Theoren27).

Proposition 26 (Existence and localization ot-infimal points). If

C is a non-empty bounded below subselofthen for every € Ry

ande € K\ {0} there existg, anc-infimal point ofC' in the direction
of e. Moreover, givery € C and§ € R{, one can assume that

belongs toC' N (7 + B(0,6) — K).

PROOF Lete € R, e € K\ {0},y := 7 € C andé € R}
be fixed. Ifyg is not ane-infimal point of C' in the direction ofe, let
p1 = 0/2 and get the existence gf € C and¢; € B(0, p1) such that
1 < yo — ee + & . If yp is ane-infimal point of C' in the direction of
e, the proof is finished. If not, we repeat the same construction.

Let us definep,, = §/2™ for all n € Ny. At the stepn > 1, we have:
yn € C such thaty, < yo — nee + >, & with ||&]ly < p; for
alli € {1,...,n}. Let us suppose that for all € Ny, y,, is not an
e-infimal point of C' in the direction ofe. Without loss of generality,
we can suppose that is bounded below by in Y and then, for all
n € No, 0 < yn < yo — nee + ¢, With o, = 377 & € B(0,6).
Thus

llvolly + 0

= T
e € (B(O, —) - K), wherer :=
pl n €
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Since K is closed, this intersection is equal toK and sincek is
pointed this implies that = 0, a contradiction. O

We call a bump function onX a real-valued function orX with
bounded non-empty support. For example, the fundiidefined on

X by
b(z) = 4 L= llzllif ol < 1
0 otherwise
is a continuous bump oX .

Let us denote, for a bounded functigh: X — Y, ||fllc =
supzex |1/ (2)]y-

Theorem 27.Let(Z, ||-||z) be a complete convex cone of norm boun-
ded, bounded below, continuous functions fi&nto Y such that:

(i) forall g € Z, [|gllc < llgllz,

(ii) Z is translation invariant, i.e. iy € Z andz € X thenr,g :
X — Y given byr,g(t) := g(t — z)isin Z and ||r,.g||z =
gl z-

(i) Z is dilation invariant, i.e. ifg € Z anda € R theng® : X —
Y given byg®(t) := g(at) isin Z.

(iv) there exists a continuous and norm bounded bump funétton

X — Rand an element € K \ {0} such that(0) > 0 and
b = —be belongs taZ.

Letf : X — Y be an o-Isc bounded below function. Then the set of
all g € Z such thatf + g admits a strong efficient solution is dense
in Z.

Examples28. Let us first give some examples of complete convex
cones(Z, || - || z) of norm bounded, bounded below, continuous func-
tions from X to Y satisfying the conditionsi}—(iv). An easy way
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to construct such a cone of perturbations is to téke| - ||z) =
(Ze, || -|| ;) wheree € K andZ is a complete convex cone fal-
valuedcontinuous and bounded functions defined¥@and such that
Z, - ) satisfies ij—(iv) of the scalar version of TheoreaY. Ex-
amples of coneg are given in L1, 20].

Let Z = L be the space of all bounded real-valued Lipschitz continu-
ous functiongy on X with ||g||z = [|9]|ec + ||g||Lip Where

lg(z) — g(y)|

rx,y € X, :zz;éy}
|z —yll

lgllip = sup{
It is straightforward to prove thdt is a Banach space which satisfies
hypothesesi]—(iii). Concerning hypothesisvj, one can apply the
construction exposed irL], 20] to produce a bounded Lipschitzian
bump function.

Let us recall that a bornology ai, denoted by, is any family of
bounded sets whose union is &ll, which is closed under reflection
through the origin (that i$ € § implies—S € (), under multiplica-

tion by positive scalars and is directed upwards (that is the union of
any two members of is contained in some member 6f. There are
many possibilities. Let us describe the smallest and the largest ones :
the Gateauxbornologys = G consisting of all finite symmetric sets
and theFréchetbornologys = F consisting of all bounded symmet-

ric sets. A functionf : X — Y is said to be3-differentiableat = and

T € L(X,Y) is called itsg-derivativeat z, if for eachsS € 3,

flz+ty) — f(x)
t

lim

>
t—0

=T (x) uniformlyfory € S.

We denote thg-derivative off atx by 0z f(x). Itis clear that we find
again the well-known Géateaux (resp. Fréchet) derivative wita G
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(resp.f = F). We can take fotZ the Banach spacB; of all real-
valued functions defined oK that are bounded, Lipschitz continuous
and-differentiable equipped with the norm

19[s = llgllco + |195loo

(cfr. [20] for a proof that this space is complete and verifies hypotheses
()—(v) in the scalar case).

We must pay attention to the fact that the canef vector-valued
functions which aréounded belownorm bounded, Lipschitz contin-
uous (resp. ang-differentiable) equipped with the norm

lg(z) —g(w)lly
lgllz := llglloe +sup{ 2L oy € X, 2 # )
|z —yllx
(resp.|lgllz = llgllps), is generally not complete. Actually, it is

true when the interior of the ordering cone is hon-empty (since in this
case every norm bounded function is bounded below). Let us mention
that the normality of the ordering cone (usually a good notion to link
topology and order) is not useful here since norm bounded sets need
not be order bounded even if the cone is normal. (Let us mention that
the converse is true, cfrlf].)

Remark29. C. Finet [L4] proved this theorem for lscbounded below
function f with a complete convex cong of norm bounded, bounded
below,Isc perturbations. She proceeds by scalarization, using the fact
thatify* € K* .= {y* € Y*:Vy € K, y*(y) > 0} andf is Isc then

y* o fisIsc [26]. This fact is not true for g-Isc functions. Indeed, let
us take the functiorf from R to R? (endowed with the natural order)
defined by 2) andy* : R? — R be such thay*(z,y) = = + y; fis
g-Isc and g-usc at = 0 but

-1 ifz<O
(y*Of)(x)Z{O if =0
1 if z >0
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and theny* o f is neither Isc nor usc.

What is the situation for a g-lIsc functiofiperturbed by g-lsc func-
tions? In general we don't know. Following the proof 6f,[we get

the same result when the dimensionyofs finite or when(Y, K') has
compact order intervals (séemma 23. In Theorem 27we perturb

the o-Isc functionf with continuous functions (se¢eemma 2). If we
assume thaty, K') has MBP and has compact order intervals then we
got the theorem with o-Isc perturbations instead of continuous pertur-
bations (seéemma 23.

We prove this theorem without scalarization process.

PROOF Lete > 0 be fixed. We want to prove that there exists
g € Z,|lgllz < e,andz € X such that: is a strong efficient solution
of f +g.

(i) We can suppose tha{0) = 1 and|le||y = 1. Moreover, there
exists some* > 0 such thath(x) = 0 whenever||z|| > r. Let us
defineb; : X — R by bi(x) = b(2rxz) whose support is now in
Bx(0,1). Sincef(X) C Y is bounded below, there exists € X
such thatf (z1) is ane; := ¢/(2]|b1¢|| z)-infimal point of f(X) in the
directione, that is:

(5) le > 07 Vo € Xv V£ € BY(O>;01)7 f(.%') 7{ f(xl) _516"1'5'

Let us defineg; : X — Y by gi(x) := —bi(xz — z1)e1e SO that
gi1(x1) = —e1e. We havey; € Z and||g1||z < /2. If we set

A1 = {.f e X: 3€ S BY<07p1>7
(f +91)(x) < (f +g1) (1) +£F,
thenA; C suppg1 C Bx(z1,1), because if: ¢ supp g1, g1(x) =0
and, by 6), z ¢ A;. If A} = {1}, thenx is an efficient solution of
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f + ¢1. Moreover, this efficient point is strong. Indeed, (ef,) be a
sequence iX such that( f + ¢1)(u,) — (f + g1)(z1). Then, there
exists(v,) C Y converging td) such that, for alh, (f + g1)(u,) =
(f 4+ g1)(x1) + v,. Forn large enoughijv, ||y < p1. This implies
thatu,, € A; = {1} for n large enough and consequently — .
Let us suppose that; # {z}.

(i) Let us defineby : X — R by ba(x) := b1(22) whose support
lies in Bx(0,1/2). Since(f + ¢1)(X) is bounded below irt’, by
Proposition 26applied withey := min{e/22, p1/4}/||baellz, T =
(f + g1)(z1) andé := p;/4, there existsy € X such thatf(zs) is
aneq-infimal point of (f + ¢1)(X) in the direction of and belonging
to (f +g1)(X) N ((f +g1)(z1) + By (0,6) — K), that is:

Jy2 € By (0,p1/4),  (f+g1)(z2) < (f +91)(21) + v2
dpe >0, Va € X, V€ € By (0, p2),
(f +91)(x) £ (f +g1)(22) —e2e + ¢
Without loss of generality, we can assume that< p;/4. Let us

definegy : X — Y by go(z) := —ba(z — x2)e2e. We havegs € Z
and||ga||z < min{e/2%, p;/4}. If we set

Ay = {1‘ € X : 3¢ € By (0, p2),
(f+ 91+ 92) (@) < (f + 91+ g2)(w2) + &,

then A C suppga C By(w2,1/22). If Ay = {x5}, thenz, is a
strong efficient solution of +¢; +g¢2. Let us suppose thaty # {z2}.

(i) Let us suppose we have carried out the construction until step
n — 1 and let us perform the step Let us writeg,,_; := ZZ;% Jk
andb,, := b1(2" ) so thatsupp b, C Bx(0,1/2™). Proposition 26
applied to(f + g,,_1)(X) with &, := min{e/2", p,,—1/4}/||bnel z,
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y:=(f+7,_1)(xn—1) andd := p,_1/4 gives the existence af,, €
X, pn > 0 andy,, € By (0, p,—1/4) such that
(6) (f +n-1)(@n) < (f +Gn_1)(@n-1) + Yn,
(7) Vze X, VEeBy(0,pn),

(f +Fp-1)(@) £ (f +Gpr) (@) — ene +&.
Without loss of generality, we can assumes< p,—1/4. Letus define

gn : X — Rbyg,(x) = —by(x — x,)eqe. Itis easy to check,, € Z
and||gn|lz < min{e/2", p,—1/4}. If we set

Ay = {z € X :3 € By (0, pn),

thenA,, C suppg, C Bx(z,,1/2"). If A, = {x,}, thenz, is a
strong efficient solution of + g,,.

(iv) Letus suppose that, for all, A,, # {z,}. Since|lyn+1]| < pn,
we have that,, 1 € A, C Bx(z,,1/2") and thugz,,) is a Cauchy
sequence itX. So, there exists soniec X such thatr,, — Z. Also
llgnllz < /2™ for all n implies that there exists somge= Z such that

T AN g. S0g =7, + hy, with ||g||z < e andh,, = ZDn gi.

(v) We want to show that is an efficient solution of + g. In view
of (6) and becausg,,+1(z,+1) = —ent1€e < 0, we have

(f +§n+1)($n+1) < (f +§n)($n+1)
8) < (f +Gn)(@n) + Ynt1

for all n and therefore, addiny ;. ,, . , v; to both sides( f +g)(x,) +

(—hn(xn) + Zi>n yi) n\“ with H — hn(xn) + Zi>n yi”y — 0. Since
g is continuous, byemma 21 f + g is o-Isc at¥ and thus

@)  (f+9)@) <(f+9)(@n)+vn with o]y —0.
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Let nowz € X be such thatf + g)(z) < (f + ¢)(Z). We have to
prove thatr = . From @) we deduce

(10) (f +9)(@) < (f +9)(a) + v, foralln
Letng € Ny be fixed. By (L0), we have:
(f +Gne) (@) < (f +70)(@n) + hn(2n) + vn = hag (2)
and, by using&) repeatedly, we get, for any > ng,
(f =+ Fnp) (@) < (f + Gnp) (Tno)
+ ) Yt (@) + v — g (@),

no<i<n
We will show that, whem is large,
(11) H Z yz'-l-hn(xn)—l-vn—hno(:c)HY < Png-

no<t<n
Thenz € A,, C Bx(zn,,1/2"). Sinceny is arbitrary,z = z.
Formula (L1) results from the following three estimates:

w yilly < pic1/4 < pima/4? < - < ppy /40 for all i > ny.
So, for anyn > ny,

[o@)
| S w3 Il < 3 g/ = puos3:
i>1

no<t<n i=nog+1
n [[hn(2n) Fonlly < [l + lvnlly < Ballz + llvally < png/3
for n large enough;
u HQZHZ Pi— 1/4 SO
1o (@) ly < [Fimg lloo < lhngllz < Y llgillz

1>ng

sz 1/4 < ano/4l "0 = P, /3.

1>no i>ng
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(vi) Finally, let us prove that is a strong efficient solution of + g.
Let (u,,) be a sequence such thgt + g)(u,) — (f + 9)(Z). Let
ng € Ny be fixed. Whenn is large enough, one can write

(12) (f + 9)(um) < (f + 9)(Z) + wm

with ||wn ||y < pn,/6. Using @) and @), one deduces as before that,
for all n > ny,

+ Z Yi + hn(xn) + Un + Wy — hno(um)-

no<i<n

Similar estimates to the ones above hold:

. Hznoﬁ.@ yiHy < pny/3 for all n > ny;
n ||hn(xn) + vnlly < pny/6 for n large enough;
m || (um)|ly < pny /3 for all m.

As a consequence,
(f + o) (wm) < (f + o) (2ne) +& where|[{]ly < pn,.

Summing up, we have shown thetg, JImg, Ym > mg, uy, €
Ay C Bx(xng,1/2"). From this, one easily concludes that —
7. O

Remark30. Let us note that, because the last part of the proof relies
only on (12), we have in fact proven that

(13) V(zn) C X, o(zn) < () 4+0(1) = =z, — 7.

for ¢ := f+g. Clearly, any poing satisfying (L3) is a strong efficient
point. For real-valued bounded below functions(13) is equivalent
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to the fact thatt is strongly efficient. This however is no longer true
for vector-valued functiong as the example below will show. We
believe that{3) is a notion of strong efficiency better suited for vector
valued functions.

Lety : R — ¢°° be the continuous extension of the function

(0,0,...) if n =0,

7 — /¢ .n»—>{l7llen—e|n+1 if n # 0,

(wheree,, is the vector whose all components érexcept thex" one
which is equal tal) obtained by joining consecutive points by linear
interpolation. The reader will easily check that= 0 is a strong
efficient point ofp but does not satisfyl@3) (indeedz,, := n is such
thaty(z,) < ¢(0) + e, /n butz, /4 0).

We now give some applications ®heorem 27

According toExamples 28we can take Z, |- ||z) = (Le, | -||L)
from which we deduce the following vector-valued version of the Eke-
land variational principle.

Corollary 31. Letf : X — (Y, K) be an o-Isc bounded below func-
tion. For everys € R} and everye € K there exists. . € X both
an e-approximatively efficient point of in the direction ofe and a
strong efficient solution of. . := f + ¢||zz. — - ||e.

PROOF Lete > 0 ande € K be fixed. ByTheorem 27there exists
g = ge € Z = Le andz. . € X such thate. . is a strong efficient
solution of f + g, that is :

(14) forallzin X \ {zcc}, [f(z) & f(@ee) + 9(ee) — g(2).
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Since, for allz € X, g(z.c) — g(z) = (§(zce) — G(x))e = —ce, we
have, by transitivity of the ordel,(z) £ f(z..) — e forall zin X.

So,z. . is an approximatively efficient point gfin the direction of.

On the other hand, using for allin X \ {1:56} g( ) —g(zc,) <
el|xe e — z|le and (L4), we deduce that(z) £ f(zce) —€llxe,e —z|le
forall z in X \ {z.}.

Thus{z..} = {z € X : f(z) + ¢||lzce — zlle < f(z-.)} and then
zc ¢ is an efficient solution of . := f + ¢||lzcc — - ||e.

Let us prove now that this solution is a strong solution. Let us suppose
that the sequende:,,),>1 C X is such thatf (z,,) + €||zce — zn || <
f(zo) +o(1). We have

(75) + 5”5”6 e — Tplle

(Te,e) +0(1).

Thus (f + g)(zn) < (f + g)(zze) + o(1). Sincez. . is a strong
efficient solution off + g, ¥, ——> .. which proves that. . is a
strong efficient solution of .. O

f(@n) + g(zn) — g(2ce)

On the other hand, in view dExamples 28we can also consider
(Z,1-llz) = (Dge, |- ||p,) and then get a vector-valued version of
the Borwein-Preiss smooth perturbed minimization principle.

Corollary 32 (Smooth perturbed minimization principle). Let X

be a Banach space that admits a Lipschitz continuous bump function
which isg-differentiable. Then for every : X — Y o-Isc, bounded
below, and for every > 0, there exists a functiop : X — Y
which is Lipschitz continuous angtdifferentiable such thatg||. <

&, [|0g9lls < € and f 4+ g admits a strong efficient solution.
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Remark33. Let us note that order lower semi-continuity is not nec-
essary in order to obtain a Deville-Godefroy-Zizler principle. Indeed,
consider for example the real-valued upper semi-continuous function

- _J0 ifz=0
f defined on a Banach spaég by f(:c.) = { 1 otherwise d t.he
spacelL of all bounded real-valued Lipschitz continuous functigns

on X equipped with the nornfig||, = |lglles + [|g|lLip for cone of
perturbations.

On the other handlheorem 2®oes not hold for any functiofi. Let
us consider the functiofi : [0, 1] — R introduced in []:

0 otherwise.

f(z) = { (~1)9(1 - 1/q) o =p/q, (p.q) =1, z #0,

This function is bounded below, not Isc, and for all continuous func-
tiong : [0,1] — R, the perturbed functiofi + g admits no minimum.

The same facts hold in the vector-valued case as the non o-Isc function
h:[0,1] — (R? R%) defined byh(xz) := (f(z), f(z)) shows.
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