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Introduction

We are interested in vector-valued variational principles (or perturbed
minimization principles). Let us describe the context. LetZ be a
class of real-valued functions on a complete metric spaceX andf :
X → R be a bounded below lower semi-continuous function. Is it
possible to perturbf by an elementg of Z in such a way that the new
functionf +g attains its minimum? These principles have been exten-
sively studied (see for example the well-known theorems of Bishop-
Phelps [4], Ekeland [12, 13] and also [6, 8, 10, 11]). More gener-
ally one can consider a functionf : X → Y with Y a real Banach
space partially ordered by a closed convex pointed cone (see for exam-
ple [2, 9, 14, 15, 16, 18, 24, 25, 26]). In the vector-valued case there
are several possible extensions of the “scalar” notion of lower semi-
continuity, let us mention lower semi-continuity (lsc) and quasi lower
semi-continuity (q-lsc) [26]. Under the hypothesis that the interior
of the ordering cone is non-empty, R. Deville and C. Finet proved a
vector-valued version of the Deville-Godefroy-Zizler perturbed min-
imization principle for bounded below q-lsc functions [9]. In [14],
this result is obtained without the above hypothesis on the cone but
only for lsc functions. All these proofs are using a scalarization pro-
cess (seeRemark 29). In this paper, we introduce a new notion of
lower semi-continuity weaker than the two others. We call it order
lower semi-continuity (o-lsc) because it links the norm topology with
the partial order ofY . We then establish a vector-valued version of
the Deville-Godefroy-Zizler perturbed minimization principle for o-
lsc functions (Theorem 27) which improves the above two. The inter-
est here is in the proof which does not use any scalarization process.

Section 1of the paper is devoted to some preliminaries, particularly
the definitions of lower semi-continuity and quasi lower semi-conti-
nuity and the link between these notions.
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In section 2, we introduce the notion of order lower semi-continuity
and we describe the relation to the other notions of lower semi-con-
tinuity. Lower semi-continuity implies order lower semi-continuity
(Proposition 3). The converse is not true even whenY is finite dimen-
sional. However, whenf is an order-bounded function and each order
interval of Y is compact, order lower semi-continuity implies lower
semi-continuity (Proposition 14). For real-valued functions, the three
notions of lower semi-continuity coincide. In general q-lsc does not
imply o-lsc. We introduce a new property for a partially ordered Ba-
nach space called Monotone Bounds Property (MBP) and prove the
implication for Banach spaces with MBP (Proposition 7). Many Ba-
nach spaces have MBP, for example when the interior of the ordering
cone is non-empty (to our knowledge, the only case in which the opti-
mization problem for q-lsc functions has been investigated),Lp(R, µ)
whereµ is a measure and1 6 p 6 ∞, C0(Rn), every Banach lattice
(and in particular every Banach space with unconditional basis, en-
dowed with the natural order) but not any finite dimensional space has
MBP. Whenf is an order-bounded function, we get the equivalence
of the three notions forY with MBP and such that each order inter-
val is compact, in particular for finite dimensionalY (Corollaries 10
and15). This section shows the complexity of the situation for the
vector-valued case in comparison with the scalar one.

A summary of the different relationships is given (seepage 19).

In section 3, we study the sum of (quasi-, order-) lower semi-conti-
nuous functions. The sum of two lsc functions is lsc [26] but this is
not true for q-lsc or o-lsc functions. However, when the Banach space
Y has MBP and is such that the order intervals are compact the sum
of two o-lsc bounded below functions is o-lsc (Lemma 22). In any
case, the sum of a continuous function and a o-lsc function is o-lsc
(Lemma 21).
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Section 4is devoted to a vector-valued version of the Deville-Gode-
froy-Zizler perturbed minimization principle (Theorem 27). We in-
troduce the notion ofε-infimal points of a non-empty subset ofY .
We prove the existence and localization of such points for bounded
below subsets ofY (Proposition 26) and use it to establish our exten-
sion without scalarization process. As corollaries, we get a vector-
valued extension of Ekeland variational principle (Corollary 31) and
of Borwein-Preiss smooth perturbed minimization principle (Corol-
lary 32).

1 Preliminaries and notation

Throughout this paper,X andY are two real Banach spaces andY is
partially ordered by a closed convex pointed coneK. No assumption
is required on the interior ofK.

For any elementsy, z ∈ Y , we will write y 6 z wheneverz− y ∈ K.
The set[y, z] := {x ∈ Y : y 6 x 6 z} is called theorder interval
betweeny andz. We say that a sequence(yn) ⊂ Y is non-increasing
and we use the notationyn ↘ whenever, for alln, yn+1 6 yn. The
ball of centerx0 and radiusr (resp. inX) will be denoted byB(x0, r)
(resp.BX(x0, r)).

Let S be a non-empty subset ofY . We denote respectively byintS
andS, the interior and closure ofS. Let us recall the associated al-
gebraic notions [17]. The algebraic interior, cor S, of S is the set
of pointsy such that for eachz ∈ Y there exists some real number
λz > 0 with y + λz ∈ S for all λ in [0, λz]. An elementy ∈ Y is
called linearly accessiblefrom S if there exists somez ∈ S, z 6= y,
such thatλz +(1−λ)y ∈ S for all λ in ]0, 1]. The union ofS and the
set of all linearly accessible elements fromS is called thealgebraic
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closureof S and its denoted bylinS. If S is convex andintS 6= ∅,
thenintS = corS andS = linS. We denote byAff S theaffine hull
of S.

Let f be a function fromX to Y . In [5] and [26], the authors intro-
duced the following two notions of lower semi-continuity:

f is said to belower semi-continuous(lsc) atx0 ∈ X iff, for each
neighborhoodV of f(x0) in Y , there exists a neighborhoodU of
x0 in X such thatf(U) ⊂ V + K.

f is said to bequasi lower semi-continous(q-lsc) atx0 ∈ X iff,
for eachb ∈ Y such thatb � f(x0), there exists a neighborhood
U of x0 such thatb � f(x) for eachx in U .

A function f is (resp.quasi-) upper semi-continuous, usc for short
(resp. q-usc), if−f is lsc (resp. q-lsc). A functionf is lsc (resp.
quasi-lsc) iff is lsc (resp. q-lsc) at each point ofX.

Let us give some well-known facts concerning these notions (see [5]
and [26]).

A functionf is lsc atx0 iff limx→x0 d
(
f(x), f(x0) + K

)
= 0.

A function f is q-lsc iff for eachb in Y , the set{f 6 b} := {x ∈
X : f(x) 6 b} is closed inX.

A lsc function atx0 is q-lsc atx0.

The notions of lsc and q-lsc coincide for real-valued functions, but it
is not the case in general: if we takeY = R2, K = R2

+, then the
functionf : R → R2 defined by

(1) f(x) =
{ (

−1, 1/|x|
)

if x 6= 0
(0, 0) if x = 0

is q-lsc but not lsc at0.

5



A function f is said to bebounded below(resp.above) if there exists
someb in Y such thatb 6 f(x) (resp.f(x) 6 b) for all x ∈ Y .

A function f is said to beorder-boundedif it is both bounded below
and above.

2 Order lower semi-continuity

In this section, we introduce a new notion of lower semi-continuity
called order lower semi-continuity because of its relationship with the
order. We compare this notion with the previous ones and we give
some examples. We also study the relationship between continuity
and order lower and upper semi-continuity.

Definition 1. A function f : X → Y is said to beorder lower
semi-continuous(o-lsc) atx0 ∈ X iff, for each sequence(xn) ⊂ X
converging tox0 for which there exists a sequence(εn) ⊂ Y con-
verging to0 such that the sequence(f(xn) + εn) is non-increasing,
there exists a sequence(gn) ⊂ Y converging to0 such thatf(x0) 6
f(xn) + gn for all n.

A function f : X → Y is said to beorder upper semi-continuous
(o-usc) if−f is o-lsc.

The definition of o-lsc can be expressed more briefly as follows:

xn → x0 andf(xn) + o(1) ↘ =⇒ f(x0) 6 f(xn) + o(1).

It is easy to prove :

Lemma 2. A functionf : X → Y is lsc atx0 iff (xn → x0) ⇒(
f(x0) 6 f(xn) + o(1)

)
.
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It follows :

Proposition 3. If f is lsc atx0 thenf is o-lsc atx0.

In general, for vector-valued functions, o-lsc does not imply lsc. For
example, let us take again the functionf defined fromR to R2 (en-
dowed with the natural ordering coneR2

+) by (1). This function is
o-lsc but not lsc at0. We will prove that, for real-valued functions, the
three notions of semi-continuity coincide.

Lemma 4. Let f be a function fromX to Y . Thenf is lsc atx0

(resp. o-lsc) iff from any sequence(xn) converging tox0 ∈ X (resp.
with f(xn) + o(1) ↘) one can extract a subsequence(x′n) such that
f(x0) 6 f(x′n) + o(1).

PROOF. We will only deal with the assertion for lsc functions, the
one for o-lsc being similar. The ‘only if’ part is obvious. For the ‘if’
part, let us suppose by contradiction thatf is not lsc. Therefore there
exists someε > 0 and a sequencexn → x0 in X such that,

(2) for all n, f(xn) /∈ B(f(x0), ε) + K.

By hypothesis, one can extract a subsequence(x′n) ⊂ (xn) such that
f(x0) 6 f(x′n) + o(1). Thusf(x′n) > f(x0) + o(1) ∈ B(f(x0), ε)
whenn is large. This contradicts (2).

Corollary 5. For real-valued functions the three notions of lower
semi-continuity are equivalent.

PROOF. Let f be a real-valued function defined onX. As recalled
above, q-lsc and lsc are identical properties for real-valued functions.
So, all we have to prove is that iff is o-lsc atx0 ∈ X then f is
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lsc atx0. We will use the characterization of lsc functions given by
Lemma 2. Let (xn) ⊂ X be a sequence converging tox0. If (f(xn))
is bounded, one can extract a subsequence(x′n) ⊂ (xn) such that
(f(x′n)) converges inR: ∃α ∈ R, f(x′n) + o(1) = α. Sincef is
o-lsc atx0, f(x0) 6 f(x′n) + o(1). On the other hand, if(f(xn)) is
unbounded, either one can extract a subsequence such thatf(x′n) ↘
−∞ or f(x′n) → +∞ and, in the two cases, the same conclusion
holds:f(x0) 6 f(x′n) + o(1). By Lemma 4, f is lsc.

Now, we want to prove the implication “q-lsc⇒ o-lsc” for a quite
large family of partially ordered Banach spaces.

Definition 6 (Monotone Bounds Property). One says that(Y, K)
has themonotone bounds property(MBP) iff any sequence(yn) ⊂ Y
converging to0 has a subsequence(y′n) ⊂ (yn) for which there exists
a non-increasing sequence(yn) ⊂ Y converging to0 such that for
all n, y′n 6 yn.

Let us note that not any(Y, K), even finite dimensional, has MBP.
Indeed, letY = R2, K = {(x, 0) ∈ R2 : x > 0} and take, for
example,yn = (0, 1/n) for all n in N0. Let us give some examples of
(Y, K) with MBP.

If K has a non-empty interior then(Y, K) has MBP.

Indeed, lete0 ∈ intK andδ > 0 be such thatB(e0, δ) ⊂ K. Then
B(0, 1) ⊂ −e0/δ + K and by symmetry we also haveB(0, 1) ⊂
e0/δ −K. So, by lettinge = e0/δ, we have, for eachy ∈ Y , ±y 6
‖y‖e. If (yn) ⊂ Y is a sequence converging to 0 it suffices to take
yn :=

(
supm>n ‖ym‖

)
e.

It follows that`∞ andL∞(Ω, µ), where(Ω, µ) is a measurable space,
endowed with the natural ordering cone have MBP.
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Let us remark that whenintK 6= ∅, MBP is equivalent to the fol-
lowing property: each sequence converging to0 in Y has an order-
bounded subsequence.

If (Y, K) is a Banach lattice then(Y, K) has MBP.

Indeed, let(yn) be a sequence inY converging to0. Since(|yn|) is
also a sequence converging to0, up to a subsequence, we can assume
that

∑∞
n=1

∥∥|yn|
∥∥

Y
is finite. Let us define(yn) by yn :=

∑
m>n |ym|

for all n. It is clear that(yn) is a non-increasing sequence converging
to 0 in Y andyn 6 yn for all n.

It follows that every Banach space with unconditional basis endowed
with the natural order associated to the basis has MBP. In particular,
`p (1 6 p < +∞) andc0, endowed with the natural orders, satisfy
MBP. Also,Lp(Ω, µ) (1 6 p < +∞), where(Ω, µ) is a measurable
space, endowed with the order associated to the unconditional Haar
basis has MBP.

Even though the natural order onLp (i.e., the pointwise order) is com-
pletely different from the order induced by the basis. Indeed, we have
the following:

Lp(Ω, µ), where (Ω, µ) is a measurable space (p ∈ [1,+∞[)
endowed with the natural ordering coneK := {f ∈ Lp(Ω, µ) :
f > 0 µ-a.e.} has MBP.

Let (yn) be a sequence inLp(Ω, µ) converging to0. There exists
(y′n) ⊂ (yn) andy ∈ Lp(Ω, µ) such that,µ-a.e. onΩ, y′n → 0 and,
for all n, |y′n| 6 y [7]. Let us define(yn) by yn := supm>n y′m for
all n. Clearly, y′n 6 yn 6 y, (yn) is non-increasing and, for a.e.
x ∈ Ω, lim yn(x) = lim y′n(x) = 0. By the Lebesgue dominated
convergence theorem we have‖yn‖p → 0.

C0(Ω), whereΩ is a non-empty subset ofRn, endowed with
the natural ordering cone has MBP.
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Indeed, if(yn) is a sequence inC0(Ω) converging to0, up to a subse-
quence, we can assume that

∑∞
n=1 ‖yn‖∞ < ∞. Let us define(yn)

by yn =
∑

m>n |ym| for all n. It is clear that(yn) is a non-increasing
sequence converging to0 in C0(Ω) andyn 6 yn for all n.

Let us remark that, in general, we cannot hope to bound the original
sequence(yn) by a non-increasing sequence(yn) converging to0. We
will see it for Y = Lp([0, 1]), p ∈ [1,+∞[, K the natural ordering
cone and the following sequence reminiscent of the Haar system: for
n ∈ N0 andk = 1, 2, 3, . . . , 2n,

Y (k)
n (x) :=

{
1 if x ∈

[
(k − 1)/2n, k/2n

]
0 otherwise.

andY
(0)
0 (x) = 1 for all x ∈ [0, 1]. If we define the sequence(yn)

asy1 = Y
(0)
0 , y2 = Y

(1)
1 , y3 = Y

(2)
1 , y4 = Y

(1)
2 , . . . we can easily

see thatyn → 0 in Lp([0, 1]) and that we are forced to takeyn >
supm>n ym in order to haveym 6 ym 6 yn. But for anyx in [0, 1]
and for alln, (supm>n ym)(x) = 1 and thusyn 6→ 0 in Lp([0, 1]).

However(y′n)n>1 =
(
Y

(1)
n

)
n>1

is a non-increasing subsequence of
(yn)n>1.

Proposition 7. Let f be a function fromX to Y where(Y, K) has
MBP. If f is q-lsc thenf is o-lsc.

PROOF. Let (xn) be a sequence inX converging tox0 and for which
there exists(εn) ⊂ Y such that‖εn‖Y → 0 andf(xn) + εn ↘. Ap-
plying MBP to the sequence(−εn), we get a subsequence(εnk

)k ⊂
(εn)n for which there exists a non-increasing sequence(εk) ⊂ Y con-
verging to0 in Y and such that−εnk

6 εk for all k. Let k0 be fixed.
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For allk > k0, we have:

f(xnk
) 6 f(xnk0

) + εnk0
− εnk

6 f(xnk0
) + εnk0

+ εk0 .

Sincexnk
→ x0 andf is q-lsc atx0, for all k0:

f(x0) 6 f(xnk0
) + εnk0

+ εk0 .

As ‖εnk
+ εk‖Y → 0, we have:f(x0) 6 f(xnk

) + o(1) and by
Lemma 4, f is o-lsc atx0.

Without MBP,Proposition 7is false. Let us takeY = R2 andK =
{(x, 0) ∈ R2 : x > 0}. The functionf defined fromR to R2 by

f(x) :=
{

(0, 0) if x = 0(
|x|, |x|+ 1

)
otherwise

is q-lsc but not o-lsc atx = 0.

Let us now study the relation between quasi and order lower semi-
continuity for bounded below functions.

Proposition 8. Letf be a bounded below function fromX to Y where
the dimension ofY is finite. Iff is q-lsc thenf is o-lsc.

PROOF. If int K 6= ∅ then(Y, K) has MBP and byProposition 7
we have the result. Let us suppose that intK = ∅ and, without loss
of generality, for allx ∈ X : 0 6 f(x), that isf(X) ⊂ K ⊂
Aff K. Since, in the finite dimensional case, the interior ofK for
the topology relative toAff K is non empty [21], the normed vector
space(Aff K, K) has MBP and therefore we have: for all(xn) ⊂
X converging tox0 for which there exists(yn) ⊂ Aff K such that
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‖yn‖Y → 0 andf(xn) + yn ↘, there exists(gn) ⊂ Aff K such that
‖gn‖Y → 0 andf(x0) 6 f(xn) + gn for all n. We have to remove
the restriction(yn) ⊂ Aff K. Suppose that(yn)n>1 ⊂ Y is such that
‖yn‖Y → 0 andf(xn) + yn ↘. Let us prove that(yn) ⊂ Aff K. For
all n, let us writeyn = an+tn with an ∈ Aff K, tn ∈ T , whereT is a
topological complement ofAff K in Y , and‖an‖Y → 0, ‖tn‖Y → 0
as we can work with the equivalent norm|||yn||| := ‖an‖Y + ‖tn‖Y .
Fromf(xn) + yn 6 f(x1) + y1, n > 1, we deduce

t1 − tn = −f(x1)− a1 + f(xn) + an + kn

for somekn ∈ K. The fact that the right-hand side is an element of
Aff K andAff K ∩ T = {0} imply t1 = tn for all n > 1. Since
‖tn‖Y → 0, tn = 0 for all n.

Proposition 9. Letf be a bounded below function fromX to Y where
(Y, K) is such that every order interval is compact. Iff is o-lsc then
f is q-lsc.

PROOF. Let b ∈ Y and(xn) be a sequence inX converging tox0

such thatf(xn) 6 b for all n. Let a denote a lower bound off .
The interval[a, b] is compact. Thus, one can extract a subsequence
(x′n) ⊂ (xn) such that(f(x′n)) converges to somey0 ∈ [a, b]. In
other words,f(x′n) + o(1) = y0 whenn →∞. Sincef is o-lsc atx0,
that impliesf(x0) 6 f(x′n) + o(1) 6 b + o(1) for all n. SinceK is
closed, we deducef(x0) 6 b and that concludes the proof.

Let us remark that every order interval of a finite dimensional Banach
space partially ordered by a closed, convex, pointed cone is compact.
Indeed, the only thing to see is that every order interval is bounded.
Without loss of generality, one can assume that the interval is of the
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form [0, b]. If intK 6= ∅, intK = corK 6= ∅ and sinceK is al-
gebraically closed and pointed, there exists a norm‖ · ‖ on Y with
the property that for allb ∈ K : x ∈ [0, b] ⇒ ‖x‖ 6 ‖b‖ [17].
Then it follows immediatly, by equivalence of the norms inY , that
[0, b] is bounded. IfintK = ∅, let us considerAff K andT a topo-
logical complement ofAff K in Y . SinceintAff K K 6= ∅, we have

corAff K K = intAff K K 6= ∅ andK = K
Aff K = linAff K K. Then

there exists a norm‖ · ‖Aff K on Aff K such that for allx ∈ [0, b]:
‖x‖Aff K 6 ‖b‖Aff K . If for all y ∈ Y , we define|||y||| = ‖a‖Aff K +
‖t‖Y wherey = a + t with a ∈ Aff K, t ∈ T , ||| · ||| is an equiv-
alent norm onY such that for allx ∈ [0, b]: |||x||| 6 |||b||| (since
[0, b] ⊂ K ⊂ Aff K). It follows:

Corollary 10. Leff be a bounded below function fromX to Y where
the dimension ofY is finite. Thenf is q-lsc if and only iff is o-lsc.

We now give some other examples of pairs(Y, K) for which the order
intervals are compact.

If Y is a Banach space with unconditional basis andK is the nat-
ural cone associated to the basis, then the order intervals are com-
pact.

We denote the unconditional normalized basis by(ei)i>1 and the un-
conditional basis constant byC [3, 23]. Let b =

∑∞
i=1 biei ∈ Y and

(yn) ⊂ [0, b]. Since all the intervals[0, bi] of R are compact, by using
a diagonal argument, one can extract a subsequence(y′n)n ⊂ (yn)n

such that all components converge:∀i > 1, y′ni −−−−→n→∞ y?
i ∈ [0, bi].

By unconditionality of the basis,y? =
∑∞

i=1 y?
i ei belongs toY .

It remains to prove that(y′n) converges toy?. Let ε > 0. Since
the series

∑∞
i=1 biei converges inY , there existsIε > 1 such that

‖
∑∞

i=Iε+1 biei‖ < ε/4C and there existsNε > 1 such that for
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n > Nε,
∑Iε

i=1 |y′ni − y?
i | ‖ei‖ < ε/2. So, by unconditionality of

the basis, forn > Nε:

‖y′n − y?‖ 6 ε/2 +
∥∥∥ ∞∑

i=Iε+1

(y′ni − y?
i )ei

∥∥∥
6 ε/2 + 2C

∥∥∥ ∞∑
i=Iε+1

biei

∥∥∥ 6 ε.

Let us note that it is not true forL∞(Ω, µ) (resp. `∞) endowed
with the natural order because the order interval[−χΩ, χΩ] (resp.
[(−1,−1, . . . ), (1, 1, . . . )]) correspond to the unit ball ofL∞(Ω, µ)
(resp.̀ ∞).

Moreover, one can find bounded below o-lsc functions with values in
`∞ which are not q-lsc . We can see it with the functionf defined
from [0, 1] to `∞ (endowed with the natural order) by:

(3) f(x) =


(1, 1, . . .) if x = 0
(0, . . . , 0︸ ︷︷ ︸

n

, p1/2n,1/2n+1(x), p1/2n+1,1/2n(x), 0, . . . )
if x ∈

[
1

2n+1 , 1
2n

]
wherepa,b is the affine map defined by

pa,b : [a, b] → [−1, 0] : x 7→ pa,b(x) := −b− x

b− a
(a, b ∈ R).

Thisf is o-lsc atx = 0 (as it is impossible to find(xn) ⊂ [0, 1], xn →
0 such thatf(xn) + o(1) ↘), not q-lsc atx = 0 ({f 6 0} = ]0, 1])
and bounded below by(−1,−1, . . . ).

The same negative result holds forL∞(R). Let us consider the func-
tion f defined from[0, 1] to L∞(R) (endowed with the natural order)
by:

f(x) =
{

χR if x = 0
−χ]1/2n+1,1/2n] if x ∈

]
1/2n+1, 1/2n

]
14



The functionf is o-lsc atx = 0 (as it is impossible to find(xn) ⊂
[0, 1], xn → 0 such thatf(xn) + o(1) ↘), f is not q-lsc atx = 0
(xn := 1/2n → 0, f(xn) 6 0 but f(0) = χR 
 0) andf is bounded
below inL∞(R) by−χR. Proposition 9is thus false forY = L∞.

In C0(R) the order intervals are not necessarily compact. Let us con-
sider the order interval[0, f ] wheref is defined by

f(x) =


0 if x 6 −1 or x > 2,
x + 1 if − 1 6 x 6 0,
1 if 0 6 x 6 1,
2− x if 1 6 x 6 2.

It is impossible to extract a converging subsequence from the sequence
(fn)n>1 ⊂ [0, f ] defined by

fn(x) =


0 if x 6 1/2n or x > 2,
2nx− 1 if 1/2n 6 x 6 1/2n−1,
1 if 1/2n−1 6 x 6 1,
2− x if 1 6 x 6 2,

because it is pointwise convergent to a discontinuous function. Let us
take the functiong : [0, 1] → C0(R) defined by

g(t) =
{

h if t = 0,
fn if t ∈ ]1/2n+1, 1/2n],

where

h(x) =


0 if x 6 −1 or x > 2,
x + 1 if − 1 6 x 6 1/2,
2− x if 1/2 6 x 6 2.

This functiong is o-lsc att = 0 (sincefn ↗n and‖fn−fm‖C0 = 1 for
all n 6= m, it is impossible to havetk → 0 with g(tk) + o(1) ↘) but
not q-lsc att = 0 (because for allt 6= 0, g(t) 6 f butg(0) = h 
 f ).
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Proposition 9is thus false forY = C0(R) endowed with the natural
order.

In Lp(R, µ) (wherep ∈ [1,+∞[ andµ is the Lebesgue measure), the
order intervals are neither necessarily compact. Let us consider the
order interval[0, χ[0,1]] and the sequence(fn)n>1 ⊂ [0, χ[0,1]] defined
by

fn =
∑

06i62n−1−1

χ[2i/2n,(2i+1)/2n].

We have‖fn− fm‖p
p = 1/2 for all n 6= m and thus it is impossible to

extract a convergent subsequence of(fn)n>1. Moreover, one can find
a counter-example toProposition 9for Y = Lp(R, µ) endowed with
the natural order. Let us consider the functiong : [0, 1] → Lp(R, µ)
such that

g(t) =
{

2χ[0,1] if t = 0,
fn if t ∈ ]1/2n+1, 1/2n].

This function is o-lsc att = 0 (because it is impossible to havetk → 0
and g(tk) + o(1) ↘) but not q-lsc att = 0 (since for allt 6= 0,
g(t) 6 χ[0,1] butg(0) = 2χ[0,1] 
 χ[0,1].

The following lemmas give an analogous for vector-valued functions
of the well-known characterization of being lsc for real-valued func-
tions, namelyf(x0) 6 limx→x0

f(x).

Lemma 11. Let f be a function fromX to Y , o-lsc atx0 ∈ X. The
following property holds:

(4) if xn → x0 andf(xn) → y0 thenf(x0) 6 y0.

PROOF. Let (xn) be a sequence converging tox0 in X. The fact that
(f(xn)) converges to somey0 ∈ Y can be writtenf(xn) + o(1) = y0

whenn → ∞. Sincef is o-lsc atx0, that impliesf(x0) 6 f(xn) +
o(1) = y0 + o(1) and sinceK is closed, we havef(x0) 6 y0.
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Lemma 12. Let f be a bounded below function fromX to Y where
(Y, K) has MBP and is such that every order interval is compact. If
theproperty (4)holds thenf is o-lsc atx0.

PROOF. Let (xn) be a sequence converging tox0 ∈ X for which
there exists(εn) ⊂ Y converging to0 and such thatf(xn) + εn ↘.
Since(Y, K) has MBP, there exists a subsequence(εnk

)k ⊂ (εn)n for
which there exists a non-increasing sequence(εk) ⊂ Y converging to
0 and such that−εnk

6 εk for all k. Leta ∈ Y be such thata 6 f(x)
for all x in X andk0 be fixed. For allk > k0,

a 6 f(xnk
) 6 f(xnk0

) + εnk0
− εnk

6 f(xnk0
) + εnk0

+ εk0 .

Since[a, f(xnk0
)+εnk0

+εk0 ] is compact, there exists a subsequence
(x′nk

)k ⊂ (xnk
)∞k=k0

andy0 ∈ Y such thatf(x′nk
) −−−−→

k→∞
y0. By

property (4), f(x0) 6 y0. Thusf(x0) 6 y0 = f(x′nk
) + o(1) which

concludes the proof in virtue ofLemma 4.

Let us mention that not every norm bounded functionf : X → Y is
bounded below, even ifY is finite dimensional. However, this impli-
cation is true whenintK 6= ∅.

It is readily proven using the compactness of closed balls, that when
Y is finite dimensional andf is norm bounded then theproperty (4)
implies thatf is o-lsc atx0. In fact more is true. Proceeding exactly
like in the proof ofProposition 8, we obtain:

Lemma 13. Let f be a bounded below function fromX to Y where
Y is finite dimensional. Ifproperty (4) holds thenf is o-lsc atx0.

Let us remark thatLemma 13is false iff is not bounded below. Let
us take the functionf defined from[0, 1] to (R2, R2

+) by:

f(x) =


(0, 0) if x = 0;
(1/n, 1) if x ∈ ]1/2n+1, 1/2n] andn even;
(−n, 1) if x ∈ ]1/2n+1, 1/2n] andn odd.
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This function is not bounded below. Let(xn) ⊂ [0, 1] be a sequence
converging to0: if (f(xn)) converges it must necessarily be to(0, 1).
Thenf(0) = (0, 0) 6 (0, 1) = limn→∞ f(xn) and (4) is satisfied.
But f is not o-lsc at0. Indeed, takexn = 1/22n+1 for all n: (f(xn))
is non-increasing and it is impossible to havef(0) 6 f(xn) + o(1).

Now, let us study the implication “o-lsc⇒ lsc” for order-bounded
functions.

Proposition 14. Let f be an order-bounded function fromX to Y
where(Y, K) is such that every order interval is compact. Iff is o-lsc
thenf is lsc.

PROOF. Let b andb in Y be such thatb 6 f(x) 6 b for all x in X.
Since[b, b] is compact, there exists a subsequence(x′n) ⊂ (xn) and
y0 ∈ [b, b] such thatf(x′n) −−−−→n→∞ y0. By Lemma 11, f(x0) 6 y0 =
f(x′n) + o(1) which concludes the proof in view ofLemma 4.

Proposition 14is false if we do not have the compactness of the order
intervals. Indeed, the function from[0, 1] to `∞ defined by (3) which
is bounded below by(−1,−1,−1, . . . ) and above by(1, 1, . . . ), is
o-lsc but not q-lsc at0 and thus not lsc at0. It is neither possible to
drop the assumption thatf is bounded above as shown by considering
f : R → (R2, R2

+) defined by formula (1). Propositions 3and14 and
Corollary 10, imply:

Corollary 15. If Y is finite dimensional then the three notions of
lower semi-continuity coincide for order bounded functions fromX
to Y .

And by Propositions3, 7, 9 and14, we have:
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Corollary 16. If (Y, K) has MBP and is such that every order interval
is compact, then the three notions of lower semi-continuity coincide
for order bounded functions fromX to Y .

Summary. Let f : X → (Y, K), dim Y > 1. We have the following
relationships:

lsc

⇐=
==

==
=

⇐======

======⇒
(iii)

q-lsc
(i)

==========⇒⇐==========
(ii)

o-lsc

(i) Y has MBP or dim Y < ∞ andf is bounded below.

(ii) f is bounded below and order intervals are compact.

(iii) f is order bounded and order intervals are compact.

We now study the vector-valued analogue of the following equiva-
lence: “a real-valued functionf is continuous if and only if it is lsc
and usc.” It is not the case for vector-valued functions. For example,
let us take the functionf defined fromR to R2, endowed with the
natural ordering cone, by

f(x) :=


(0,−1) + (1,−1)/x if x < 0
(2,−2) if x = 0
(1, 0)− (1,−1)/x if x > 0

This function is not continuous atx = 0 but it is q-lsc, q-usc and thus
o-lsc and o-usc since(R2, R2

+) has MBP.

Let us remark that this function is not bounded, neither below nor
above. However,
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Proposition 17. Let f be an order bounded function fromX to Y
where(Y, K) is such that every order interval is compact. Thenf is
continuous ifff is o-lsc and o-usc.

PROOF. It is obvious that continuity implies order lower and upper
semi-continuity. Let(xn) be a sequence inX converging tox0 and
b, b ∈ Y be such thatb 6 f(x) 6 b for all x in X. One can extract
a subsequence(x′n) ⊂ (xn) such thatf(x′n) −−−−→n→∞ y0 ∈ [b, b] and,
by Lemma 11, if f is o-lsc and o-usc atx0, thenf(x0) 6 y0 and
f(x0) > y0. SinceK is pointedf(x0) = y0 and thenf(x′n) → f(x0).
An argument similar to the one in the proof ofLemma 4concludes the
proof.

By Corollary 15, we have:

Corollary 18. Letf be an order bounded function fromX to Y where
Y is finite dimensional. Then, whatever the notion of lower semi-
continuity,f is continuous if and only iff is lower and upper semi-
continuity.

By Corollary 16, we have:

Corollary 19. Letf be an order bounded function fromX to Y where
(Y, K) has MBP and is such that every order interval is compact.
Then whatever the notion of lower semi-continuity,f is continuous if
and only iff is lower and upper semi-continuous.

Remark20. In [26], this kind of result is considered for the notion of
lower (upper) semi-continuity:

if (Y, K) is normal,f is continuous atx0 iff f is lsc and usc atx0.
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Let us recall that(Y, K) is normal if the following property holds
([17, 19, 22]):

∃λ > 0, ∀y ∈ K, ∀x, x ∈ [0, y] ⇒ ‖x‖ 6 λ‖y‖.

For example,C0(Ω) andLp(Ω, µ), p ∈ [1,+∞], endowed with the
natural order are normal. Every Banach lattice (and in particular ev-
ery Banach space with unconditional basis endowed with the natural
cone) is normal. In virtue of the discussion page13, (Y, K) is also
normal wheneverY is finite dimensional.

Let us considerY = c0 andxn :=
∑n

i=1(−1)n+i ei where(ei)∞i=1

denotes the natural basis ofc0. Then(xn) is a conditional basis ofc0

and the associated ordering cone is not normal (see [23, p. 477]).

3 Sum of lower semi-continuous functions

In [26], the authors prove that the sum of two lsc functions is lsc. That
is no longer true for o-lsc functions. Let us consider the functions
from [0, 1] to `∞ (endowed with the natural order) defined by

s(x) =

{
(1, 1, . . . ) if x = 0(
0, . . . , 0︸ ︷︷ ︸

n

,−p1/2n,1/2n+1(x), 1, 1, . . .
)

if x ∈
[

1
2n+1 , 1

2n

]
s is not o-lsc atx = 0 (since(s(1/2n))n is non-increasing and it is
impossible to haves(0) 6 s(1/2n) + o(1)). We can writes = f + g
wheref is the o-lsc function defined by (3) and g = s − f is o-
lsc atx = 0 (and continuous elsewhere) because, for allx in [0, 1],
g(0) = (0, 0, . . . ) 6 g(x). Let us remark that the functionsf andg
are bounded below. However, we have the following facts.

Lemma 21. The sum of a continuous function and an o-lsc function
is o-lsc.
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PROOF. Let f andg be two functions defined fromX to Y , f o-
lsc atx0 ∈ X andg continuous atx0. Let (xn) be a sequence inX
converging tox0 and(εn) be a sequence inY converging to0 and such
thatf(xn) + g(xn) + εn ↘. Sinceg is continuous atx0, there exists
(gn) ⊂ Y converging to0 and such that, for alln, g(x0) = g(xn)+gn.
So, since(f(xn) + g(xn) + εn) is non-increasing, we have for alln:
f(xn+1)−gn+1+εn+1 6 f(xn)−gn+εn with ‖−gn+εn‖Y → 0. By
order lower semi-continuity off at x0, there exists(fn) converging
to 0 in Y and such that, for alln, f(x0) 6 f(xn) + fn and then
f(x0) + g(x0) 6 f(xn) + g(xn) + fn + gn with ‖fn + gn‖Y → 0.
This concludes the proof.

Lemma 22. If (Y, K) is such that every order interval is compact,
then the sum of two o-lsc bounded below functions fromX to Y is a
q-lsc bounded below function. Moreover, the sum is o-lsc if we assume
(Y, K) has MBP.

The previous example shows thatLemma 22is false without the com-
pactness of order intervals.

PROOF. Let f andg be two o-lsc functions. We will provef + g
is q-lsc. Letb ∈ Y and(xn) be a sequence inX converging tox0

such thatf(xn) + g(xn) 6 b. Sincef and g are bounded below
and the order intervals are compact, we have, up to a subsequence,
f(xn)+o(1) = y0 andg(xn)+o(1) = z0 wherey0, z0 ∈ Y . By order
lower semi-continuity off andg, we havef(x0) 6 f(xn)+o(1) and
g(x0) 6 g(xn)+o(1). Thusf(x0)+g(x0) 6 f(xn)+g(xn)+o(1) 6
b+o(1). SinceK is closed,f +g is q-lsc. ByProposition 7, if (Y, K)
has MBP, the sumf + g is o-lsc.

Remark23. In [9], the authors asserted that the sum of two q-lsc func-
tions is q-lsc. This is not true in general. Indeed, let us take the func-
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tionsf andg defined fromR to (R2, R2
+) by

f(x) =
{

(0, 0) if x = 0
(−1, 0) + (1,−1)/|x| if x 6= 0

g(x) =
{

(0, 0) if x = 0
(−1, 1)/|x| if x 6= 0

The functionf (resp.g) is q-lsc atx = 0 since for allb ∈ R2 it
is impossible to find(xn) converging to0 and such thatf(xn) 6 b
(resp.g(xn) 6 b) for all n. But the functionf + g is clearly not q-lsc
atx = 0. Let us point out that neitherf norg is bounded below.

For bounded below functions with values in a finite dimensional space
Y , the assertion is correct in view ofLemma 22. On the other hand, if
Y is infinite dimensional, it is not known whether this is still the case.

Concerning q-lsc functions, we can affirm:

Lemma 24. Letf andg be two functions defined fromX to Y where
(Y, K) has MBP. Iff is q-lsc andg is lsc thenf + g is q-lsc.

PROOF. Let (xn) be a sequence inX converging tox0 andb ∈ Y
be such thatf(xn) + g(xn) 6 b for all n. Sinceg is lsc atx0, by
Lemma 2, there exists a sequence(gn) converging to0 in Y and such
thatg(x0) 6 g(xn)+gn for all n. So, for alln, f(xn) 6 b−g(x0)+gn.
Since(Y, K) has MBP, there exists a non-increasing sequence(gn),
converging to0 in Y and such that, up to a subsequence,gn 6 gn for
all n. Letn0 be fixed. Forn > n0, we have:f(xn) 6 b−g(x0)+gn0

and sincef is q-lsc atx0, f(x0) 6 b − g(x0) + gn0
. Then, since

gn → 0 andK is closed,f(x0) 6 b − g(x0). This concludes the
proof.
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4 Vector-valued Deville-Godefroy-Zizler
perturbed minimization principle

Let f be a function fromX to Y . The vector minimization problem
under consideration is:

find x̃ ∈ X such that{x ∈ X : f(x) 6 f(x̃)} = {x̃}.

Suchx̃ is called anefficient solutionof f andf(x̃) is said to be an
efficient pointof f(X).

In general, for a given bounded below o-lsc function there is no reason
why such ãx should exist inX. Our problem is to find a perturbation
g as small as possible such that(f + g)(X) admits an efficient point.
We say that a functionf : X → Y has astrong efficient solutiononX
at x̃ if x̃ is an efficient solution and‖xn − x̃‖ → 0 whenever(xn) ⊂
X is such that‖f(xn) − f(x̃)‖ → 0 (every minimizing sequence is
convergent).

Definition 25. Let C be a non-empty subset ofY andε ∈ R+
0 be

fixed. A pointy0 ∈ C is said anε-infimal point ofC in the direction
of e ∈ K \ {0} if and only if

∃ρ > 0, C ∩
(
y0 − εe + B(0, ρ)−K

)
= ∅.

Let us mention that Ch. Tammer, in [24, 25], introduced the notion
of ε-approximatively efficient points ofC ⊂ Y : these are pointsy0

satisfyingC ∩ (y0 − εe −K \ {0}) = ∅. This allows her to obtain
an Ekeland-type variational principle by using a scalarization proce-
dure for vector-valued q-lsc functions. The interior of the ordering
cone is also required to be non-empty. Let us note that C. Finet [14]
obtained the same result without any hypothesis on the interior of
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the ordering cone. The proof is also based on a scalarization pro-
cedure and follows the idea of I. Ekeland for the scalar case [12].
Lately, Ch. Tammer [16] obtained the same kind of results without
any scalarization. The method used is similar to the one of Bishop
and Phelps in their pioneer paper [4]. She introduced some notions of
lower semi-continuity close to q-lsc and lsc. In Corollary31, we ob-
tain an Ekeland-type variational principle for o-lsc functions from our
vector-valued Deville-Godefroy-Zizler perturbed minimization prin-
ciple (Theorem27).

Proposition 26 (Existence and localization ofε-infimal points). If
C is a non-empty bounded below subset ofY , then for everyε ∈ R+

0

ande ∈ K \{0} there existsy0 anε-infimal point ofC in the direction
of e. Moreover, giveny ∈ C and δ ∈ R+

0 , one can assume thaty0

belongs toC ∩
(
y + B(0, δ)−K

)
.

PROOF. Let ε ∈ R+
0 , e ∈ K \ {0}, y0 := y ∈ C andδ ∈ R+

0

be fixed. Ify0 is not anε-infimal point ofC in the direction ofe, let
ρ1 = δ/2 and get the existence ofy1 ∈ C andξ1 ∈ B(0, ρ1) such that
y1 6 y0 − εe + ξ1. If y1 is anε-infimal point ofC in the direction of
e, the proof is finished. If not, we repeat the same construction.

Let us defineρn = δ/2n for all n ∈ N0. At the stepn > 1, we have:
yn ∈ C such thatyn 6 y0 − nεe +

∑n
i=1 ξi with ‖ξi‖Y < ρi for

all i ∈ {1, . . . , n}. Let us suppose that for alln ∈ N0, yn is not an
ε-infimal point ofC in the direction ofe. Without loss of generality,
we can suppose thatC is bounded below by0 in Y and then, for all
n ∈ N0, 0 6 yn 6 y0 − nεe + ϕn with ϕn =

∑n
i=1 ξi ∈ B(0, δ).

Thus

e ∈
∞⋂

n=1

(
B

(
0,

r

n

)
−K

)
, wherer :=

‖y0‖Y + δ

ε
.
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SinceK is closed, this intersection is equal to−K and sinceK is
pointed this implies thate = 0, a contradiction.

We call a bump function onX a real-valued function onX with
bounded non-empty support. For example, the functionb defined on
X by

b(x) =
{

1− ‖x‖ if ‖x‖ 6 1
0 otherwise

is a continuous bump onX.

Let us denote, for a bounded functionf : X → Y , ‖f‖∞ =
supx∈X ‖f(x)‖Y .

Theorem 27. Let(Z, ‖·‖Z) be a complete convex cone of norm boun-
ded, bounded below, continuous functions fromX to Y such that:

(i) for all g ∈ Z, ‖g‖∞ 6 ‖g‖Z ,

(ii) Z is translation invariant, i.e. ifg ∈ Z andx ∈ X thenτxg :
X → Y given byτxg(t) := g(t − x) is in Z and ‖τxg‖Z =
‖g‖Z .

(iii) Z is dilation invariant, i.e. ifg ∈ Z andα ∈ R thengα : X →
Y given bygα(t) := g(αt) is in Z.

(iv) there exists a continuous and norm bounded bump functionb :
X → R and an elemente ∈ K \ {0} such thatb(0) > 0 and
b̃ = −be belongs toZ.

Let f : X → Y be an o-lsc bounded below function. Then the set of
all g ∈ Z such thatf + g admits a strong efficient solution is dense
in Z.

Examples28. Let us first give some examples of complete convex
cones(Z, ‖ · ‖Z) of norm bounded, bounded below, continuous func-
tions fromX to Y satisfying the conditions (i)–(iv). An easy way
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to construct such a cone of perturbations is to take(Z, ‖ · ‖Z) =
(Z̃e, ‖ · ‖Z̃) wheree ∈ K andZ̃ is a complete convex cone ofreal-
valuedcontinuous and bounded functions defined onX and such that
(Z̃, ‖ · ‖Z̃) satisfies (i)–(iv) of the scalar version of Theorem27. Ex-
amples of cones̃Z are given in [11, 20].

Let Z̃ = L be the space of all bounded real-valued Lipschitz continu-
ous functionsg onX with ‖g‖L = ‖g‖∞ + ‖g‖Lip where

‖g‖Lip := sup
{ |g(x)− g(y)|

‖x− y‖
: x, y ∈ X, x 6= y

}
.

It is straightforward to prove thatL is a Banach space which satisfies
hypotheses (i)–(iii ). Concerning hypothesis (iv), one can apply the
construction exposed in [11, 20] to produce a bounded Lipschitzian
bump function.

Let us recall that a bornology onX, denoted byβ, is any family of
bounded sets whose union is allX, which is closed under reflection
through the origin (that isS ∈ β implies−S ∈ β), under multiplica-
tion by positive scalars and is directed upwards (that is the union of
any two members ofβ is contained in some member ofβ). There are
many possibilities. Let us describe the smallest and the largest ones :
theGâteauxbornologyβ = G consisting of all finite symmetric sets
and theFréchetbornologyβ = F consisting of all bounded symmet-
ric sets. A functionf : X → Y is said to beβ-differentiableatx and
T ∈ L(X, Y ) is called itsβ-derivativeatx, if for eachS ∈ β,

lim
t

>−→0

f(x + ty)− f(x)
t

= T (x) uniformly for y ∈ S.

We denote theβ-derivative off atx by ∂βf(x). It is clear that we find
again the well-known Gâteaux (resp. Fréchet) derivative withβ = G
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(resp.β = F ). We can take for̃Z the Banach spaceDβ of all real-
valued functions defined onX that are bounded, Lipschitz continuous
andβ-differentiable equipped with the norm

‖g‖Dβ
:= ‖g‖∞ + ‖∂βg‖∞

(cfr. [20] for a proof that this space is complete and verifies hypotheses
(i)–(iv) in the scalar case).

We must pay attention to the fact that the coneZ of vector-valued
functions which arebounded below, norm bounded, Lipschitz contin-
uous (resp. andβ-differentiable) equipped with the norm

‖g‖Z := ‖g‖∞ + sup
{‖g(x)− g(y)‖Y

‖x− y‖X
: x, y ∈ X, x 6= y

}
(resp.‖g‖Z := ‖g‖Dβ

), is generally not complete. Actually, it is
true when the interior of the ordering cone is non-empty (since in this
case every norm bounded function is bounded below). Let us mention
that the normality of the ordering cone (usually a good notion to link
topology and order) is not useful here since norm bounded sets need
not be order bounded even if the cone is normal. (Let us mention that
the converse is true, cfr. [19].)

Remark29. C. Finet [14] proved this theorem for alscbounded below
functionf with a complete convex coneZ of norm bounded, bounded
below,lscperturbations. She proceeds by scalarization, using the fact
that if y? ∈ K? := {y? ∈ Y ? : ∀y ∈ K, y?(y) > 0} andf is lsc then
y? ◦ f is lsc [26]. This fact is not true for q-lsc functions. Indeed, let
us take the functionf from R to R2 (endowed with the natural order)
defined by (2) andy? : R2 → R be such thaty?(x, y) = x + y; f is
q-lsc and q-usc atx = 0 but

(y? ◦ f)(x) =

{−1 if x < 0
0 if x = 0
1 if x > 0
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and theny? ◦ f is neither lsc nor usc.

What is the situation for a q-lsc functionf perturbed by q-lsc func-
tions? In general we don’t know. Following the proof of [9], we get
the same result when the dimension ofY is finite or when(Y, K) has
compact order intervals (seeLemma 22). In Theorem 27, we perturb
the o-lsc functionf with continuous functions (seeLemma 21). If we
assume that(Y, K) has MBP and has compact order intervals then we
got the theorem with o-lsc perturbations instead of continuous pertur-
bations (seeLemma 22).

We prove this theorem without scalarization process.

PROOF. Let ε > 0 be fixed. We want to prove that there exists
g ∈ Z, ‖g‖Z 6 ε, andx̃ ∈ X such that̃x is a strong efficient solution
of f + g.

(i) We can suppose thatb(0) = 1 and‖e‖Y = 1. Moreover, there
exists somer > 0 such thatb(x) = 0 whenever‖x‖ > r. Let us
defineb1 : X → R by b1(x) = b(2rx) whose support is now in
BX(0, 1). Sincef(X) ⊂ Y is bounded below, there existsx1 ∈ X
such thatf(x1) is anε1 := ε/(2‖b1e‖Z)-infimal point off(X) in the
directione, that is:

(5) ∃ρ1 > 0, ∀x ∈ X, ∀ξ ∈ BY (0, ρ1), f(x) 
 f(x1)− ε1e+ ξ.

Let us defineg1 : X → Y by g1(x) := −b1(x − x1)ε1e so that
g1(x1) = −ε1e. We haveg1 ∈ Z and‖g1‖Z 6 ε/2. If we set

A1 :=
{
x ∈ X : ∃ξ ∈ BY (0, ρ1),

(f + g1)(x) 6 (f + g1)(x1) + ξ
}

,

thenA1 ⊂ supp g1 ⊂ BX(x1, 1), because ifx /∈ supp g1, g1(x) = 0
and, by (5), x /∈ A1. If A1 = {x1}, thenx1 is an efficient solution of
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f + g1. Moreover, this efficient point is strong. Indeed, let(un) be a
sequence inX such that(f + g1)(un) → (f + g1)(x1). Then, there
exists(vn) ⊂ Y converging to0 such that, for alln, (f + g1)(un) =
(f + g1)(x1) + vn. For n large enough,‖vn‖Y 6 ρ1. This implies
thatun ∈ A1 = {x1} for n large enough and consequentlyun → x1.
Let us suppose thatA1 6= {x1}.

(ii) Let us defineb2 : X → R by b2(x) := b1(2x) whose support
lies in BX(0, 1/2). Since(f + g1)(X) is bounded below inY , by
Proposition 26applied withε2 := min{ε/22, ρ1/4}/‖b2e‖Z , y :=
(f + g1)(x1) andδ := ρ1/4, there existsx2 ∈ X such thatf(x2) is
anε2-infimal point of(f + g1)(X) in the direction ofe and belonging
to (f + g1)(X) ∩

(
(f + g1)(x1) + BY (0, δ)−K

)
, that is:

∃y2 ∈ BY (0, ρ1/4), (f + g1)(x2) 6 (f + g1)(x1) + y2

∃ρ2 > 0, ∀x ∈ X, ∀ξ ∈ BY (0, ρ2),
(f + g1)(x) 
 (f + g1)(x2)− ε2e + ξ

Without loss of generality, we can assume thatρ2 6 ρ1/4. Let us
defineg2 : X → Y by g2(x) := −b2(x − x2)ε2e. We haveg2 ∈ Z
and‖g2‖Z 6 min{ε/22, ρ1/4}. If we set

A2 :=
{
x ∈ X : ∃ξ ∈ BY (0, ρ2),

(f + g1 + g2)(x) 6 (f + g1 + g2)(x2) + ξ
}

,

thenA2 ⊂ supp g2 ⊂ BX(x2, 1/22). If A2 = {x2}, thenx2 is a
strong efficient solution off+g1+g2. Let us suppose thatA2 6= {x2}.

(iii) Let us suppose we have carried out the construction until step
n − 1 and let us perform the stepn. Let us writegn−1 :=

∑n−1
k=1 gk

andbn := b1(2n · ) so thatsupp bn ⊂ BX(0, 1/2n). Proposition 26
applied to(f + gn−1)(X) with εn := min{ε/2n, ρn−1/4}/‖bne‖Z ,
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y := (f + gn−1)(xn−1) andδ := ρn−1/4 gives the existence ofxn ∈
X, ρn > 0 andyn ∈ BY (0, ρn−1/4) such that

(f + gn−1)(xn) 6 (f + gn−1)(xn−1) + yn,(6)

∀x ∈ X, ∀ξ ∈ BY (0, ρn),
(f + gn−1)(x) 
 (f + gn−1)(xn)− εne + ξ.

(7)

Without loss of generality, we can assumeρn 6 ρn−1/4. Let us define
gn : X → R by gn(x) = −bn(x− xn)εne. It is easy to checkgn ∈ Z
and‖gn‖Z 6 min{ε/2n, ρn−1/4}. If we set

An :=
{
x ∈ X : ∃ξ ∈ BY (0, ρn),

(f + gn)(x) 6 (f + gn)(xn) + ξ
}

,

thenAn ⊂ supp gn ⊂ BX(xn, 1/2n). If An = {xn}, thenxn is a
strong efficient solution off + gn.

(iv) Let us suppose that, for alln, An 6= {xn}. Since‖yn+1‖ < ρn,
we have thatxn+1 ∈ An ⊂ BX(xn, 1/2n) and thus(xn) is a Cauchy
sequence inX. So, there exists somẽx ∈ X such thatxn → x̃. Also
‖gn‖Z 6 ε/2n for all n implies that there exists someg ∈ Z such that
gn

Z−→ g. Sog = gn + hn with ‖g‖Z 6 ε andhn =
∑

i>n gi.

(v) We want to show that̃x is an efficient solution off + g. In view
of (6) and becausegn+1(xn+1) = −εn+1e 6 0, we have

(f + gn+1)(xn+1) 6 (f + gn)(xn+1)
6 (f + gn)(xn) + yn+1(8)

for all n and therefore, adding
∑

i>n+1 yi to both sides,(f +g)(xn)+(
−hn(xn)+

∑
i>n yi

)
↘
n

with ‖−hn(xn)+
∑

i>n yi‖Y → 0. Since
g is continuous, byLemma 21, f + g is o-lsc atx̃ and thus

(9) (f + g)(x̃) 6 (f + g)(xn) + vn with ‖vn‖Y → 0.
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Let nowx ∈ X be such that(f + g)(x) 6 (f + g)(x̃). We have to
prove thatx = x̃. From (9) we deduce

(10) (f + g)(x) 6 (f + g)(xn) + vn for all n.

Let n0 ∈ N0 be fixed. By (10), we have:

(f + gn0
)(x) 6 (f + gn)(xn) + hn(xn) + vn − hn0(x)

and, by using (8) repeatedly, we get, for anyn > n0,

(f + gn0
)(x) 6 (f + gn0

)(xn0)

+
∑

n0<i6n

yi + hn(xn) + vn − hn0(x).

We will show that, whenn is large,

(11)
∥∥∥ ∑

n0<i6n

yi + hn(xn) + vn − hn0(x)
∥∥∥

Y
< ρn0 .

Thenx ∈ An0 ⊂ BX(xn0 , 1/2n0). Sincen0 is arbitrary,x = x̃.
Formula (11) results from the following three estimates:

‖yi‖Y 6 ρi−1/4 6 ρi−2/42 6 · · · 6 ρn0/4i−n0 for all i > n0.
So, for anyn > n0,∥∥∥ ∑

n0<i6n

yi

∥∥∥
Y

6
∞∑

i=n0+1

‖yi‖Y 6
∑
i>1

ρn0/4i = ρn0/3;

‖hn(xn) + vn‖Y 6 ‖hn‖∞ + ‖vn‖Y 6 ‖hn‖Z + ‖vn‖Y < ρn0/3
for n large enough;

‖gi‖Z 6 ρi−1/4, so

‖hn0(x)‖Y 6 ‖hn0‖∞ 6 ‖hn0‖Z 6
∑
i>n0

‖gi‖Z

6
∑
i>n0

ρi−1/4 6
∑
i>n0

ρn0/4i−n0 = ρn0/3.
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(vi) Finally, let us prove that̃x is a strong efficient solution off + g.
Let (um) be a sequence such that(f + g)(um) → (f + g)(x̃). Let
n0 ∈ N0 be fixed. Whenm is large enough, one can write

(12) (f + g)(um) 6 (f + g)(x̃) + wm

with ‖wm‖Y 6 ρn0/6. Using (9) and (8), one deduces as before that,
for all n > n0,

(f + gn0
)(um) 6 (f + gn0

)(xn0)

+
∑

n0<i6n

yi + hn(xn) + vn + wm − hn0(um).

Similar estimates to the ones above hold:∥∥∑
n0<i6n yi

∥∥
Y

6 ρn0/3 for all n > n0;

‖hn(xn) + vn‖Y < ρn0/6 for n large enough;

‖hn0(um)‖Y 6 ρn0/3 for all m.

As a consequence,

(f + gn0
)(um) 6 (f + gn0

)(xn0) + ξ where‖ξ‖Y < ρn0 .

Summing up, we have shown that∀n0, ∃m0, ∀m > m0, um ∈
An0 ⊂ BX(xn0 , 1/2n0). From this, one easily concludes thatum −→m
x̃.

Remark30. Let us note that, because the last part of the proof relies
only on (12), we have in fact proven that

(13) ∀(xn) ⊂ X, ϕ(xn) 6 ϕ(x̃) + o(1) ⇒ xn → x̃.

for ϕ := f +g. Clearly, any point̃x satisfying (13) is a strong efficient
point. For real-valued bounded below functionsϕ, (13) is equivalent
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to the fact that̃x is strongly efficient. This however is no longer true
for vector-valued functionsϕ as the example below will show. We
believe that (13) is a notion of strong efficiency better suited for vector
valued functions.

Let ϕ : R → `∞ be the continuous extension of the function

Z → `∞ : n 7→

{
(0, 0, . . . ) if n = 0,
1
|n|e|n| − e|n|+1 if n 6= 0,

(whereen is the vector whose all components are0 except thenth one
which is equal to1) obtained by joining consecutive points by linear
interpolation. The reader will easily check thatx = 0 is a strong
efficient point ofϕ but does not satisfy (13) (indeedxn := n is such
thatϕ(xn) 6 ϕ(0) + en/n butxn 6→ 0).

We now give some applications ofTheorem 27.

According toExamples 28, we can take(Z, ‖ · ‖Z) = (Le, ‖ · ‖L)
from which we deduce the following vector-valued version of the Eke-
land variational principle.

Corollary 31. Let f : X → (Y, K) be an o-lsc bounded below func-
tion. For everyε ∈ R+

0 and everye ∈ K there existsxε,e ∈ X both
an ε-approximatively efficient point off in the direction ofe and a
strong efficient solution offε,e := f + ε‖xε,e − · ‖e.

PROOF. Let ε > 0 ande ∈ K be fixed. ByTheorem 27, there exists
g = g̃e ∈ Z = Le andxε,e ∈ X such thatxε,e is a strong efficient
solution off + g, that is :

(14) for allx in X \ {xε,e}, f(x) 
 f(xε,e) + g(xε,e)− g(x).
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Since, for allx ∈ X, g(xε,e)− g(x) =
(
g̃(xε,e)− g̃(x)

)
e > −εe, we

have, by transitivity of the order,f(x) 
 f(xε,e)− εe for all x in X.

So,xε,e is an approximatively efficient point off in the direction ofe.

On the other hand, using for allx in X \ {xε,e} : g(x) − g(xε,e) 6
ε‖xε,e−x‖e and (14), we deduce thatf(x) 
 f(xε,e)− ε‖xε,e−x‖e
for all x in X \ {xε,e}.

Thus{xε,e} =
{
x ∈ X : f(x) + ε‖xε,e − x‖e 6 f(xε,e)

}
and then

xε,e is an efficient solution offε,e := f + ε‖xε,e − · ‖e.

Let us prove now that this solution is a strong solution. Let us suppose
that the sequence(xn)n≥1 ⊂ X is such thatf(xn) + ε‖xε,e − xn‖ 6
f(x0) + o(1). We have

f(xn) + g(xn)− g(xε,e) 6 f(xn) + ε‖xε,e − xn‖e
6 f(xε,e) + o(1).

Thus (f + g)(xn) 6 (f + g)(xε,e) + o(1). Sincexε,e is a strong
efficient solution off + g, xn −−−−→n→∞ xε,e which proves thatxε,e is a
strong efficient solution offε,e.

On the other hand, in view ofExamples 28, we can also consider
(Z, ‖ · ‖Z) = (Dβe, ‖ · ‖Dβ

) and then get a vector-valued version of
the Borwein-Preiss smooth perturbed minimization principle.

Corollary 32 (Smooth perturbed minimization principle). Let X
be a Banach space that admits a Lipschitz continuous bump function
which isβ-differentiable. Then for everyf : X → Y o-lsc, bounded
below, and for everyε > 0, there exists a functiong : X → Y
which is Lipschitz continuous andβ-differentiable such that‖g‖∞ 6
ε, ‖∂βg‖∞ 6 ε andf + g admits a strong efficient solution.
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Remark33. Let us note that order lower semi-continuity is not nec-
essary in order to obtain a Deville-Godefroy-Zizler principle. Indeed,
consider for example the real-valued upper semi-continuous function

f defined on a Banach spaceX by f(x) :=
{ 0 if x = 0

1 otherwise
and the

spaceL of all bounded real-valued Lipschitz continuous functionsg
on X equipped with the norm‖g‖L = ‖g‖∞ + ‖g‖Lip for cone of
perturbations.

On the other hand,Theorem 27does not hold for any functionf . Let
us consider the functionf : [0, 1] → R introduced in [1]:

f(x) :=
{

(−1)q(1− 1/q) if x = p/q, (p, q) = 1, x 6= 0,
0 otherwise.

This function is bounded below, not lsc, and for all continuous func-
tion g : [0, 1] → R, the perturbed functionf + g admits no minimum.

The same facts hold in the vector-valued case as the non o-lsc function
h : [0, 1] → (R2, R2

+) defined byh(x) :=
(
f(x), f(x)

)
shows.
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