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Quaternions as reflexive skew fields

PaulvAN PRAAG

Dedicated to Martine Oppitz whose first
words to the author of this paper were
about quaternions.

1 Terminology, notation and aims of the
paper

1.1 Throughout this text akew fieldor asfield is a ring with a unit
elementl, in which every non zero element has an inverse.

Given D an sfield with centreF’ and o an involution of D, i.e. a
transformationt — o () of D for whicho(z + y) = o(z) + o(y),
o(zy) = o(y)o(x) ando?(x) = z, for anyz,y € D.

Jean DEUDONNE, in his work on the structure of unitary groups, says

in [1, p. 72] thatD is areflexivesfield if all the elements of' are

fixed byo and ifx + o(z) andxzo(x) belong toF', for anyx € D. He
shows (by completing his proof ir2]) that non commutative reflexive
sfields are generalized quaternions sfields. His proof, amongst other
things, relies on theorems concerning the structure of sfields of finite
rank over their center, proved earlier this century in the '20 s. Now,
Eliakim Hastings MbORE had already stated and provided elemen-
tary proof for the above-mentioned result provided by DDONNE



for sfields of characteristic other thanin 1922, MoorEhas defined

a determinant for hermitian matrices with coefficients in those fields
whose elements, fixed by the involution, are centthllFor MOORES
motivations, see the introduction off][ written after his death, for the
American Mathematical Society; for biographic information sge [
MOORES proof [4, pp. 104-107] is based on an identity valid for any
sfield with involution whose elements fixed by the involution are cen-
tral. This identity, which was expressed byaHILTON himself [6,

p. 317] for usual quaternions, is, in this case a translation of the iden-
tity

(X Lg)E— (Fx LE)g— (@ x GDZ+ @ x§,2)F=0, (1)

in which z, y, z andt are vectors in usual three-dimensional space,
and(Z,y) andZ x y are respectively the scalar and vector products
of z andy. Here we sketch out BUDONNE'S non elementary proof,
present MbORES proof because the book]is difficult to obtain,

and also present another elementary proof based on the fact that if
V ={z € D|o(x) = —x}, thenV is a vector space on the subfield

F, of the elements of fixed by o and the application: — 22 is a
regular quadratic form on that vector space.

1.2 Throughout this text, unless explicitely stated otherwisés a
commutative sfield with characteristic unequal ta/2js sfield with
centreF ando is an involution ofD.

Example 1. D is a commutative sfieldD = F') ando is the identity
map.

Example 2. D is a commutative sfield, a quadratic extension of a
commutative sfield: D = Fy(a), wherea? € Fy. The elements of
D are writtenag + a1« (e.g., seeq]) and

o(ag + a1a) = ap — aa.



Example 3. a) D is a sfield of generalized quaternions Bnor more
simply a sfield of quaternions afi, constructed as follows. Given,

0 belonging to a commutative sfieltl] a vector space of dimension
4 on F, and{e,i,j,k} a base ofi¥/, it is given onWW an algebra
structure onF' by puttingij = k = —ji, jk = 0i = —kj, ki =
—aj = —ik, i® = ae, j2 = Be andk? = —afe. It can be proved
(see for exampled]) that this algebra is associative, has a unit element
that can be written, and its centre i$" - 1 which can be identified to
F. This algebra is often noted é% . 5). For example, the algebra of
HAMILTON’s usual quaternions i€ ' , ~'). It can be proved that if
« andg are such that the equatiof? — aY? — 322 +aBT? = 0 has
no nontrivial solution, therefor¢” ;. 7) is a sfield. Thug™* ;, ~') is

a sfield. GivenD = (* ,,?), any element oD is written in only one
way,a+bi+cj+dk wherea, b, c,d € F. Noteo as the transformation
of D:

a+bi+cj+dk— a—bi—cj—dk.
We verify thato is an involution ofD.

b) If the characteristic of' is 2, then another associative algebra is
obtained 8] by imposing the following relations on, i, j andk :

i’ = ae, j2 = j + Be, k = ij, andji = k + i. This algebra is a sfield
if and only if the equatiolX? + XY +aY?+ Y +aY Z+aBY =0
does not have a nontrivial solution. The mapa + bi + ¢j + dk —

(a + bi + ¢j + dk) + cis an involution ofD.

Example 4. The book P] contains 593 pages of examples and theo-
rems concerning sfields with involution.

Let us note

S(o)={zx e D|o(x)=1x}
and V(o)={zx €D |o(x) =—x}.



Itis easy to calculate elements®fo) and of V(o) : z+o(z) € S(0)

andz — o(z) € V(o) foranyz € D. We verify thato(F') = F and
we putFy = F'NS(o). We verify thatFy is a subfield off’ and that
S(o) andV (o) are vector spaces df. For anyz € D,

z=3(z+0(@)+3(z—0o(x), 2)

from which can be deduced the following equality of vector spaces
onFy:

D = S(o) ® V(o). )

We say that is acentralinvolution if S(o) = Fp.

For a central involution,3) we therefore write
D =FyaV(o),
or, without any fear of confusion,
D=FaV. 4

The involutione is said to be ofhe first kindif the restriction ofo to
Fis the identity and otherwise it is tiie second kind

Thus the involutions irExamples land 3 are of the first type, the
involution in Example 2is of the second type.

If z € S(o), thenz = 1(x + o(x)), therefore in characteristic dif-
ferent from2, thereflexivesfields as understood bylIEUDONNE are
those sfields having a central involution of the first type (contrary to
in characteristiQ: we verify that the sfields defined Examples 3 b)
are reflexive, but ifD is such a sfield, its elements fixed byare the
elements: + bi + dk).



Given a central involution andv € V: o(v) = —v. Theno(v?) =
v2, then

v’ € Fy ®)

1.3 The object of this paper therefore is to present three proofs of
the Theorem of MVORE-DIEUDONNE:

Sfields of characteristic different frothwith a central
involution are sfields described in Exampleg and 3.

(6)

2 Outline of Dieudonné’s proof

Given D reflexive to the involutiorr. Givenx € D. Since
2% — z(x + o(x)) + xzo(x) =0,

andz + o(z) andzo(x) belong toF', any element oD has therefore
a degree at most 2. Giveny € D, we have

zy +yr = (z+y)? — 2% — o,
hence
xy +yr =ax+ by +c,
wherea, b, c € F, and:
yr = —xy +ax + by +c. (7

Givenzy,...,z, € D and A the sub#'-algebra ofD generated by
x1,...,xy,. Therefored is the set of the sums of elements of the form

i i
OYy Y
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in whicha € F andyy € {z1,...,z,}. According to ), all the
elements ofd can be expressed as the sum of elements of the form

amlf coegin,
in which theiy € {0,1}. The monomialsz’ ---zi» are finite in
number. Henced, as aF'-vector space, is finite-dimensional. Since
A is an algebra otf’, without zero-divisor (sincel is a sub-ring of a
sfield) and of finite dimension of, A is a sfield [LO, p. 31] on finite
rank on its cente”' (which containsF’). Therefore 1] this rank
[A : O] is the squaren? of an integerm, and A contains a separable
commutative sub-field of rankm onC.

Therefore, by the theorem of the primitive elemetif][ L = C(y),
for some @y € L. DIEUDONNE proves P, p. 14] thatC' = F' by using
the fact that if and K are commutative sfields such tHet= k(«, 3)
where« is separable ol then there igy € K for which K = k(~)
[13, p. 54]. Thereforel = F(y), wherey is of degree at most on
F'. Thereforg[A : C] equalsl or 4. From this, it can be deduced that
[D : Flis1or4, andD is eitherF or a sfield of quaternions oR
with the canonical involution (described lixample 3.

3 Moore’s proof

3.1 Useful equalities.  In this paragraph, taking MIORES nota-
tions into accounty and a represent any elementsgfodnd D respec-
tively, andv, v;, v/, v” any elements o¥/. DefineS(a) andV (a)
by: S(a) = L(a + o(a)) andV(a) = 1 (a —o(a)). Therefore the
equality (2)can be written

a=S(a)+ V(a). (8)



Let us right multiply the two members o8)by v :
av = S(a)v+ V(a)v.
Similarly
va = S(a)v+ vV (a).

SinceS(a)v € V, it can be deduce from that:

S(av) = S(V(a)v) and S(va) = S(vV(a)).

Givenvy,...,v, € V. Then

S(Ul"‘vn) — %(Ulvn+a(vlvn))
(v1evn + (1) 0n - 01),

therefore
S(vp---v1) = (=1)"S(v1 - vp).
We shall use the particular cases:

S(Ugvl) = S(Ulvg)
and S(Ugvgvl) = —S(’Ulvgvg).

In the same way, it can be proved that

V(v --v1) = ()" V(01 o),

7
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(10)
(11)



and we will use

V(Ugvl) = —V('l)17)2) (12)
and V(U3Ugv1) = V(Ul’vg’l}g). (13)

By the definition ofS(a):

S(vv') = % (vv" +v'v),

D=

therefore
v’ = 2S(vv') — V. (14)

We then obtain successively

V(vivg) = %(Ulvg — v9u1),
V(vive)vs = %(1)11)21)3 — VV1V3)
= %(Ul 25 (vaus) — v3v2) — v2(2S(vyv3) — 1)3’1)2)) by (14),
= %(25 (vavs)vr — 28 (v1v3)ve — VIV3VL + 1)21)3?}1)
therefore

V(V(vlvg)vg) = S(vgvs)vy — S(viv3)vg + %V(Ugvgvl — V1U3V3).
But (13) says the last term of the second member is zero, therefore
V(V(vlvg)vg) = S(vov3)v1 — S(v1v3)v2. (15)
Let us replaces by V (v3v4) in this last equality:
V(V(Ulvg)V(Ugv4)) = S(UgV(Ugv4))vl — S(U1V(v3v4))v2. (16)

But by (12), the first member ofi(6) equals—V (V (vsv4)V (v1v2)),
which equals, as forl)

—(S(vaV (v1v2))v3 — S(v3V (v1v2))v4).

8



Replacing the first member of§) by this last expression, we get

S(UQV(1)3’1)4))1)1 — 5(1)1‘/(1)3’04))1)2
+ S(U4V(U17)2))1}3 — S(U3V(?}11)2))?}4 =0.

(17)
By (9):
S(vV (v'v")) = S(vv'v”),

therefore {7) can be written

S(vouzvg)vy — S(vivgvg)vy + S(Vv4v102)V3 — S(V3V102)v4 = 0.
(18)

It will be more convenient to write otherwise this last equality:

S(vivgva) = =S (vavsv1) by (11)
S(v (v3v1 ) by (9)
S( (v3v1 v4) by (10)
—S(v3v1v4) by (9).

It can be even calculated th8fv,viv2) = S(v1vovy) @andS(vsvive)
= S(vivavs). Equality (18)then becomes :

Lemma 1. If vy, v9, v3 andwv, are elements of/, then

S(vlvgvg)m = S(v2v3v4)v1 + S(vgv1v4)v2 + 5(1211)21)4)113. (29)

3.2 Moore’s proof.  Given @). Three cases arise :
1) V = {0}. HenceD = F;, = F. SeeExamples 1

2)V 5 v; # 0. Hence



a) eitherVv : V(v1v) = 0, but then for any: :
V(v1V(a)) =0,
Therefore by 4):
v1V(a) € Fp.
Let us putv,V (a) = s,, then:
V2V (a) = squ1,

butv? € Fy (by (5)), so

and

therefore

D = Fy + Fyv.

Howeverv, ¢ Fy, thereforel and vy, are linearly independent on
Foy, soD is a commutative sfield, a quadratic extensiorFpi{Exam-

ples 2;

b) or else there is &, for which V' (v;vg) # 0. Let us then put

vy = vy — S(v1vo)(v3) 1wy,

Let us multiply on the left the two members of this equality:gy

V1V = V1V — S(Ulvo)
= V(v1vp).

10



But, by hypothesid/(vivg) # 0, thereforevs # 0. Let us putvs =
vive. By (21), v3 € V, thereforeo(vs) = —v3 = —vjvy. But
U(U3) = 0(1)11}2) = (7(’[)2)0(1}1) = VU1, therefore

VU1 = —UV1V9, (22)
thus
2 _
V3 = V1V2V10V2
=—vivi by (22
Let us then puty; = —vf, ng = —v3, ng = —v3 = nyny. We verify
that
V3V1 — N1V =— —V1V3
and
V3V = —NyU1 — —UV2V3.

We deduce from this that;, v» andwvs are linearly independent on
Fy: givenas, aso, ag € Fy for which

a1v1 + vy + agvy = 0.
Let us multiply this equality on the left by, :
041’11% + auivg + agvivg = 0,
hence
alv% + aovz — agnivg = 0.
By (4) a; = 0, therefore

aov3 — agnivy = 0,

11



therefore

0421132, — agnivovg = 0,
therefore

agvg — agningv; = 0,
therefore

as =0 = as.
By thelemma 1 Fyv, + Fyve + Fyvs = V@ indeed
V1VaV3 = v§ e F,

and

S(vivgug) = U§ £ 0.

Hence by 19), any element, of V' is a linear combination afy, v2,
V3.

(MooREspecifies:

S(viv) y S(vev) y S(vsv)

therefore by @), fora € D

o= S(a) S(mn‘j(a))vl B S(UQTZ(G))UZ B S(vgnZ(a))v3 )

By (4), D is then the sfield ofquaterni0|§§"1 7 —”2) = (—"1 » —"2)
described irExample 3 O

12



3.3 Remark 1. MooREthus bases his proof on th&vv'), i.e. on
the “oriented areas”. But for his definition of (20), it is difficult
not to think of GRAM-SCHMIDT’s argument as applied to the scalar
productS(vv'). The proof shown irpoint 4is based on this scalar
product.

Remark 2. Equality (19) has been written for the quaternions of
("' g ") by HAMILTON [6, p. 317]. The link between the usual
guaternions and the scalar and vector products of the usual space ori-
ented in the appropriate way is provided by the formula

vV = —(v1, v2) + V1 X Vg,

where v; and v, are pure quaternionss(v;) = —wv;). Whence
S(Ul’Ug) = —(’Ul, 'U2> andV(Ul’Ug) = v1 X v9. Hence the equalityl@
is a translation of
v3 X (’Ul X Ug) = <’U2,’U3>Ul — <Ul,113>1)2.
Similarly (18) is a translation ofX).
HAMILTON points out (also on p. 317 off]) that (19) implies that
if v1, vo andwvs are non coplanars vectors, then any vector is a linear
combination of these three vectors. Furthermore, the second following
equality
S(Ul’Ug’Ug) = S(’U1V(U2’03)) = S((’Ulvg)vg)
is translated by
<U1,Ug X U3> = <Ul X UQ,U3>

and is, modulo the sign, the volume of the parallelipipedvonu,
anduvs.

The forthcoming article by J.P. ®RANDI [14] links an extension of
the cross product tole and composition algebras.
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Remark 3. MOORE has thus defined3[ 4] a determinant for hermi-
tian quaternionic matrices.

His determinant has been rediscovered at least twice and the links with
other determinants, including that of EUDONNE have been studied
[15, 16]. For more information, seelf] and [18. More recently,

J.P. TigNoOL has proved 19] that MOORES determinant is a partic-
ular case of the reduced pfaffian norm introduced by M.-ALUS,

R. PARIMALA and R. RIDHARAN.

4 Proof based on scalar products

4.1 Let W be asymmetric bilinear spacen F, i.e. W is a vector
space onF” with a symmetric bilinear map x W — F. Letz,y €
W. If b(z,y) = 0, itis writtenxz L y andxz andy are said to be
orthogonal. Ifz # 0 andb(z,z) # 0, x is said to be anisotropic.
The family{x1, ..., z,} of elements o#¥ is said to beorthogonalif
x; L x; wheni # j.

Itis clear that

if the family{x1, ..., z,} is an orthogonal family of el-
ements all of which are anisotropic, then, . .., z,, are (23)
linearely independent oA

It can be proved elementarily (see e.g0]] pp. 129-130) that any
bilinear symmetric spacl’” has a base which is an orthogonal family
of W. The bilinear symmetric spad#’ is said to beegular if for any

0 # x € W, thereisay € W for whichb(z,y) # 0. Given a bilinear
symmetric and regular space afid, . . ., z,, } an orthogonal basis of
W. Hence all thex; are anisotropic (if for example; was isotropic, it

14



would be orthogonal to all the;, and by linearity td?’, which would
contradict the regularity). The statement can be deduced:

If W is a regular symmetric space of dimension greater
than1, then anisotropic and orthogonal y € W exist.

(24)

4.2 Lemma 2. If W is a vector subspace of an associative algebra
on F', with a unit element, and such that

(i) uv+vu € F.1foranyu,v € W,
(i) if w,v € W anduv + vu = 0, thenuv € W,
(i) if w € W anduv 4+ vu = 0 for anyv € W, thenu = 0,
then the dimension d# is 0, 1 or 3.

Proof. With the mapb : (u,v) — uv+vu, W is a symmetric bilinear
space for which

the relationu, L v is translated byuv + vu = 0. (25)
Similarly u # 0 is anisotropic if and only ifz?> # 0. Relation {ii)
means thatV is a regular space.

If W = {0} orif W = Fu, with 0 # u? € F, there is nothing
to prove. Givendimp W > 1. By (24), there are anisotropic and
orthogonal, andv € W. Givenw = wv. By (25) and {i): w € W.
Hence

w? = (uwv)(uww) = u(vu)v = —u(uv)v
=—u*?#0  (because andv are anisotropic).
Furthermore

wu = (uv)u = u(vu) = —u(uv) = —uw,

15



thereforeu L w. We verify similarly thatv | w. Therefore since
u, v andw form an orthogonal family of anisotropic vectors, they are
linearely independent (by28)). GivenWy = Fu + Fv + Fw. We
shall show thai?, = W. Let us suppose the contrary, and given
zeW —Wy.
Let us note

b(z,u) b(z,v) b(z,w)

u? v2 w2

Sincez ¢ Wy, t # 0. We verify thatt L «, ¢t L vandt L w,
therefore

tu = —ut (26)
tv = —vt (27)
tw = —wt. (28)
But
tw = t(uv) (by definition ofw)

= (tu)v (by the associative hypothesis)  (29)

= —(ut)v by (26)

= uvt by (27)

= wt. (30)

Sincew # 0, (28) and (0) imply t = 0 and therefore a contradiction.
ThereforelW = W,. O

Proof of 6). Given therefore4) and let us prove thdt” as a vector
space or¥y satisfies the hypothesis bémma 2

(i) if v1,v9 € V, theno(vivg + vov1) = vouy + vyve, therefore

V1V + VU1 € S(O’) = Fy.

16



(II) Letvi, v €V with v1ve + vovr = 0.

o(vive) = o(va)o(v1)

= U1 becausen, v, € V
= —v1v9 by the hypothesis.
Therefore
vivg € V.

(i) Let0 # v € V. Therefore
0 # 20? = vv + V.

Lemma 2implies thendimg, W € {0, 1, 3}, which correspond to the
cases

» V ={0}, D = Fy = F, ando is the identity map omD;

s V = Fyu whereu? € Fy, henceD = F, + Fyu is a quadratic
extension offy, o is the automorphism ab described irExam-
ples 2

s V = Fyu + Fyv + Fyw, with v?, v? € Fy andvu = —uv. Hence
D is the sfield(*” . ), with Fy = F, ando is the involution
described irExamples 3 O

4.3 Remark 4. Lemmaz2 is a tool for the proof of the result of[]

which characterises the sfields of quaternions in characteristic unequal
to 2 in this way : the sfield\ with centreF is a sfield of quaternions
onFifandonly if W = {z € A — F | 22 € F} U {0} is a group

of more than one element, with respect to the additiofV Iatisfies

that last hypothesis it is clear that it is a vector spacé’amhich also
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satisfies the hypotheses of Lemma 2. We then apply the Theorem of
CARTAN-BRAUER-HUA (elementary proofs of which can be found,
for example, in P2, p. 186] and in 23, p. 433)]):if K is a sfield with
centrek and L is a sub-sfield of{, not contained irk and invariant

by all the inner automorphisms df, then. = K. It is obvious
that W is invariant by all the inner automorphisms &f W ¢ F,
therefore the sub-sfield generated®andV is A. Lemma2 implies
dimp W € {0, 1,3}, and as in the proof off] in 4.2, the fact thatA

is a non-commutative sfield implieimp W = 3 andF + W is an
algebra which is a sfield of quaternions, therefore

A=F+W.

It can be shownZ4] that the above hypothesis div implies that
characteristic ofA is different from2.

5 My thanks to Jean-Pierrei@NoL for having re-read the first ver-
sion of this text and to have pointed out certain slips. He is of course
not responsible for any that may remain. It would also like to thank
him for having sent me the proofs of4] and for having put me on
the track of a future piece of resear@b]. My thanks too to David
MoRRISWho has attempted to give an English form to this paper, to
Francis BJEKENHOUT for helpful comments on the form of the text,
and to Lyane BucHEzfor having typed this text with her usual care
and attention.
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