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Quaternions as reflexive skew fields

PaulVAN PRAAG

Dedicated to Martine Oppitz whose first
words to the author of this paper were
about quaternions.

1 Terminology, notation and aims of the
paper

1.1 Throughout this text askew field, or asfield, is a ring with a unit
element1, in which every non zero element has an inverse.

Given D an sfield with centreF and σ an involution of D, i.e. a
transformationx 7→ σ(x) of D for which σ(x + y) = σ(x) + σ(y),
σ(xy) = σ(y)σ(x) andσ2(x) = x, for anyx, y ∈ D.

Jean DIEUDONNÉ, in his work on the structure of unitary groups, says
in [1, p. 72] thatD is a reflexivesfield if all the elements ofF are
fixed byσ and ifx+σ(x) andxσ(x) belong toF , for anyx ∈ D. He
shows (by completing his proof in [2]) that non commutative reflexive
sfields are generalized quaternions sfields. His proof, amongst other
things, relies on theorems concerning the structure of sfields of finite
rank over their center, proved earlier this century in the ’20 s. Now,
Eliakim Hastings MOORE had already stated and provided elemen-
tary proof for the above-mentioned result provided by DIEUDONNÉ
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for sfields of characteristic other than2. In 1922, MOOREhas defined
a determinant for hermitian matrices with coefficients in those fields
whose elements, fixed by the involution, are central [3]. For MOORE’s
motivations, see the introduction of [4], written after his death, for the
American Mathematical Society; for biographic information see [5].
MOORE’s proof [4, pp. 104–107] is based on an identity valid for any
sfield with involution whose elements fixed by the involution are cen-
tral. This identity, which was expressed by HAMILTON himself [6,
p. 317] for usual quaternions, is, in this case a translation of the iden-
tity

〈~z × ~t, ~y 〉~x− 〈~z × ~t, ~x 〉~y − 〈~x× ~y,~t 〉~z + 〈~x× ~y, ~z 〉~t = 0, (1)

in which x, y, z andt are vectors in usual three-dimensional space,
and〈~x, ~y 〉 and~x × ~y are respectively the scalar and vector products
of x andy. Here we sketch out DIEUDONNÉ’s non elementary proof,
present MOORE’s proof because the book [4] is difficult to obtain,
and also present another elementary proof based on the fact that if
V = {x ∈ D | σ(x) = −x}, thenV is a vector space on the subfield
F0 of the elements ofF fixed byσ and the applicationx 7→ x2 is a
regular quadratic form on that vector space.

1.2 Throughout this text, unless explicitely stated otherwise,F is a
commutative sfield with characteristic unequal to 2,D is sfield with
centreF andσ is an involution ofD.

Example 1. D is a commutative sfield(D = F ) andσ is the identity
map.

Example 2. D is a commutative sfield, a quadratic extension of a
commutative sfieldF0: D = F0(a), wherea2 ∈ F0. The elements of
D are writtena0 + a1α (e.g., see [7]) and

σ(a0 + α1a) = a0 − α1a.
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Example 3. a)D is a sfield of generalized quaternions onF , or more
simply a sfield of quaternions onF , constructed as follows. Givenα,
β belonging to a commutative sfield,W a vector space of dimension
4 on F , and{e, i, j, k} a base ofW , it is given onW an algebra
structure onF by putting ij = k = −ji, jk = βi = −kj, ki =
−αj = −ik, i2 = αe, j2 = βe andk2 = −αβe. It can be proved
(see for example [8]) that this algebra is associative, has a unit element
that can be written1, and its centre isF · 1 which can be identified to
F . This algebra is often noted as

(
α β
F

)
. For example, the algebra of

HAMILTON ’s usual quaternions is
(−1 −1

R

)
. It can be proved that if

α andβ are such that the equationX2−αY 2−βZ2 +αβT 2 = 0 has
no nontrivial solution, therefore

(
α β
F

)
is a sfield. Thus

(−1 −1
R

)
is

a sfield. GivenD =
(
α β
F

)
, any element ofD is written in only one

way,a+bi+cj+dk wherea, b, c, d ∈ F . Noteσ as the transformation
of D :

a+ bi+ cj + dk 7→ a− bi− cj − dk.

We verify thatσ is an involution ofD.

b) If the characteristic ofF is 2, then another associative algebra is
obtained [8] by imposing the following relations one, i, j andk :
i2 = αe, j2 = j + βe, k = ij, andji = k+ i. This algebra is a sfield
if and only if the equationX2 +XY +αY 2 +βY +αY Z+αβY = 0
does not have a nontrivial solution. The mapσ : a+ bi+ cj + dk 7→
(a+ bi+ cj + dk) + c is an involution ofD.

Example 4. The book [9] contains 593 pages of examples and theo-
rems concerning sfields with involution.

Let us note

S(σ) = {x ∈ D | σ(x) = x}
and V (σ) = {x ∈ D | σ(x) = −x}.
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It is easy to calculate elements ofS(σ) and ofV (σ) : x+σ(x) ∈ S(σ)
andx − σ(x) ∈ V (σ) for anyx ∈ D. We verify thatσ(F ) = F and
we putF0 = F ∩ S(σ). We verify thatF0 is a subfield ofF and that
S(σ) andV (σ) are vector spaces onF0. For anyx ∈ D,

x = 1
2

(
x+ σ(x)

)
+ 1

2

(
x− σ(x)

)
, (2)

from which can be deduced the following equality of vector spaces
onF0 :

D = S(σ)⊕ V (σ). (3)

We say thatσ is acentral involution if S(σ) = F0.

For a central involution, (3) we therefore write

D = F0 ⊕ V (σ),

or, without any fear of confusion,

D = F0 ⊕ V . (4)

The involutionσ is said to be ofthe first kindif the restriction ofσ to
F is the identity and otherwise it is ofthe second kind.

Thus the involutions inExamples 1and 3 are of the first type, the
involution inExample 2is of the second type.

If x ∈ S(σ), thenx = 1
2(x + σ(x)), therefore in characteristic dif-

ferent from2, thereflexivesfields as understood by DIEUDONNÉ are
those sfields having a central involution of the first type (contrary to
in characteristic2: we verify that the sfields defined inExamples 3 b)
are reflexive, but ifD is such a sfield, its elements fixed byσ are the
elementsa+ bi+ dk).
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Given a central involutionσ andv ∈ V : σ(v) = −v. Thenσ(v2) =
v2, then

v2 ∈ F0 (5)

1.3 The object of this paper therefore is to present three proofs of
the Theorem of MOORE-DIEUDONNÉ:

Sfields of characteristic different from2 with a central
involution are sfields described in Examples1, 2 and3.

(6)

2 Outline of Dieudonné’s proof

GivenD reflexive to the involutionσ. Givenx ∈ D. Since

x2 − x(x+ σ(x)) + xσ(x) = 0,

andx+ σ(x) andxσ(x) belong toF , any element ofD has therefore
a degree at most 2. Givenx, y ∈ D, we have

xy + yx = (x+ y)2 − x2 − y2,

hence

xy + yx = ax+ by + c,

wherea, b, c ∈ F , and:

yx = −xy + ax+ by + c. (7)

Givenx1, . . . , xn ∈ D andA the sub-F -algebra ofD generated by
x1, . . . , xn. ThereforeA is the set of the sums of elements of the form

αyi11 · · · y
im
m ,
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in which α ∈ F andyλ ∈ {x1, . . . , xn}. According to (7), all the
elements ofA can be expressed as the sum of elements of the form

αxi11 · · ·x
in
n ,

in which the iλ ∈ {0, 1}. The monomialsxi11 · · ·xinn are finite in
number. HenceA, as aF -vector space, is finite-dimensional. Since
A is an algebra onF , without zero-divisor (sinceA is a sub-ring of a
sfield) and of finite dimension onF , A is a sfield [10, p. 31] on finite
rank on its centerC (which containsF ). Therefore [11] this rank
[A : C] is the squarem2 of an integerm, andA contains a separable
commutative sub-fieldL of rankm onC.

Therefore, by the theorem of the primitive element [12], L = C(y),
for some ay ∈ L. DIEUDONNÉ proves [2, p. 14] thatC = F by using
the fact that ifk andK are commutative sfields such thatK = k(α, β)
whereα is separable onK, then there isγ ∈ K for whichK = k(γ)
[13, p. 54]. ThereforeL = F (y), wherey is of degree at most2 on
F . Therefore[A : C] equals1 or 4. From this, it can be deduced that
[D : F ] is 1 or 4, andD is eitherF or a sfield of quaternions onF
with the canonical involution (described inExample 3).

3 Moore’s proof

3.1 Useful equalities. In this paragraph, taking MOORE’s nota-
tions into account,α and a represent any elements ofF andD respec-
tively, andv, vi, v′, v′′ any elements ofV . DefineS(a) andV (a)
by: S(a) = 1

2(a + σ(a)) andV (a) = 1
2 (a− σ(a)). Therefore the

equality (2)can be written

a = S(a) + V (a). (8)
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Let us right multiply the two members of (8) by v :

av = S(a)v + V (a)v.

Similarly

va = S(a)v + vV (a).

SinceS(a)v ∈ V , it can be deduce from (4) that:

S(av) = S
(
V (a)v

)
and S(va) = S

(
vV (a)

)
. (9)

Givenv1, . . . , vn ∈ V . Then

σ(v1 · · · vn) = σ(vn) · · ·σ(v1)
= (−vn) · · · (−v1)
= (−1)n vn · · · v1.

Hence, by the definition ofS(a):

S(v1 · · · vn) = 1
2

(
v1 · · · vn + σ(v1 · · · vn)

)
= 1

2

(
v1 · · · vn + (−1)nvn · · · v1

)
,

therefore

S(vn · · · v1) = (−1)nS(v1 · · · vn).

We shall use the particular cases:

S(v2v1) = S(v1v2) (10)

and S(v3v2v1) = −S(v1v2v3). (11)

In the same way, it can be proved that

V (vn · · · v1) = (−1)n+1V (v1 · · · vn),
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and we will use

V (v2v1) = −V (v1v2) (12)

and V (v3v2v1) = V (v1v2v3). (13)

By the definition ofS(a):

S(vv′) = 1
2(vv′ + v′v),

therefore

vv′ = 2S(vv′)− v′v. (14)

We then obtain successively

V (v1v2) = 1
2(v1v2 − v2v1),

V (v1v2)v3 = 1
2(v1v2v3 − v2v1v3)

= 1
2

(
v1(2S(v2v3)− v3v2)− v2(2S(v1v3)− v3v2)

)
by (14),

= 1
2

(
2S(v2v3)v1 − 2S(v1v3)v2 − v1v3v2 + v2v3v1

)
,

therefore

V
(
V (v1v2)v3

)
= S(v2v3)v1 − S(v1v3)v2 + 1

2V (v2v3v1 − v1v3v2).

But (13) says the last term of the second member is zero, therefore

V
(
V (v1v2)v3

)
= S(v2v3)v1 − S(v1v3)v2. (15)

Let us replacev3 by V (v3v4) in this last equality:

V
(
V (v1v2)V (v3v4)

)
= S

(
v2V (v3v4)

)
v1 − S

(
v1V (v3v4)

)
v2. (16)

But by (12), the first member of (16) equals−V
(
V (v3v4)V (v1v2)

)
,

which equals, as for (16)

−
(
S(v4V (v1v2))v3 − S(v3V (v1v2))v4

)
.
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Replacing the first member of (16) by this last expression, we get

S
(
v2V (v3v4)

)
v1 − S

(
v1V (v3v4)

)
v2

+ S
(
v4V (v1v2)

)
v3 − S

(
v3V (v1v2)

)
v4 = 0.

(17)

By (9):

S
(
vV (v′v′′)

)
= S(vv′v′′),

therefore (17) can be written

S(v2v3v4)v1 − S(v1v3v4)v2 + S(v4v1v2)v3 − S(v3v1v2)v4 = 0.
(18)

It will be more convenient to write otherwise this last equality:

S(v1v3v4) = −S(v4v3v1) by (11)

= −S
(
v4V (v3v1)

)
by (9)

= −S
(
V (v3v1)v4

)
by (10)

= −S(v3v1v4) by (9).

It can be even calculated thatS(v4v1v2) = S(v1v2v4) andS(v3v1v2)
= S(v1v2v3). Equality (18)then becomes :

Lemma 1. If v1, v2, v3 andv4 are elements ofV , then

S(v1v2v3)v4 = S(v2v3v4)v1 + S(v3v1v4)v2 + S(v1v2v4)v3. (19)

3.2 Moore’s proof. Given (4). Three cases arise :
1) V = {0}. HenceD = F0 = F . SeeExamples 1.

2) V 3 v1 6= 0. Hence
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a) either∀v : V (v1v) = 0, but then for anya :

V
(
v1V (a)

)
= 0,

Therefore by (4):

v1V (a) ∈ F0.

Let us putv1V (a) = sa, then:

v2
1V (a) = sav1,

butv2
1 ∈ F0 (by (5)), so

V (a) = (v2
1)−1sav1,

and

a = S(a) + (v2
1)−1sav1,

therefore

D = F0 + F0v1.

Howeverv1 /∈ F0, therefore1 andv1, are linearly independent on
F0, soD is a commutative sfield, a quadratic extension ofF0 (Exam-
ples 2);

b) or else there is av0 for whichV (v1v0) 6= 0. Let us then put

v2 = v0 − S(v1v0)(v2
1)−1v1. (20)

Let us multiply on the left the two members of this equality byv1:

v1v2 = v1v0 − S(v1v0)
= V (v1v0). (21)
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But, by hypothesisV (v1v0) 6= 0, thereforev2 6= 0. Let us putv3 =
v1v2. By (21), v3 ∈ V , thereforeσ(v3) = −v3 = −v1v2. But
σ(v3) = σ(v1v2) = σ(v2)σ(v1) = v2v1, therefore

v2v1 = −v1v2, (22)

thus

v2
3 = v1v2v1v2

= −v2
1v

2
2 by (22)

Let us then putn1 = −v2
1, n2 = −v2

2, n3 = −v2
3 = n1n2. We verify

that

v3v1 = n1v2 = −v1v3

and

v3v2 = −n2v1 = −v2v3.

We deduce from this thatv1, v2 andv3 are linearly independent on
F0 : givenα1, α2, α3 ∈ F0 for which

α1v1 + α2v2 + α3v3 = 0.

Let us multiply this equality on the left byv1 :

α1v
2
1 + α2v1v2 + α3v1v3 = 0,

hence

α1v
2
1 + α2v3 − α3n1v2 = 0.

By (4) α1 = 0, therefore

α2v3 − α3n1v2 = 0,
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therefore

α2v
2
3 − α3n1v2v3 = 0,

therefore

α2v
2
3 − α3n1n2v1 = 0,

therefore

α2 = 0 = α3.

By thelemma 1, F0v1 + F0v2 + F0v3 = V : indeed

v1v2v3 = v2
3 ∈ F ,

and

S(v1v2v3) = v2
3 6= 0.

Hence by (19), any elementv4 of V is a linear combination ofv1, v2,
v3.

(MOOREspecifies:

v = −S(v1v)
n1

v1 −
S(v2v)
n2

v2 −
S(v3v)
n3

v3,

therefore by (9), for a ∈ D :

a = S(a)− S(v1V (a))
n1

v1 −
S(v2V (a))

n2
v2 −

S(v3V (a))
n3

v3 .)

By (4),D is then the sfield of quaternions
(−n1 −n2

F0

)
=
(−n1 −n2

F

)
described inExample 3.
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3.3 Remark 1. MOORE thus bases his proof on theV (vv′), i.e. on
the “oriented areas”. But for his definition ofv2 (20), it is difficult
not to think of GRAM-SCHMIDT ’s argument as applied to the scalar
productS(vv′). The proof shown inpoint 4 is based on this scalar
product.

Remark 2. Equality (19) has been written for the quaternions of(−1 −1
R

)
by HAMILTON [6, p. 317]. The link between the usual

quaternions and the scalar and vector products of the usual space ori-
ented in the appropriate way is provided by the formula

v1v2 = −〈v1, v2〉+ v1 × v2,

where v1 and v2 are pure quaternions (σ(vi) = −vi). Whence
S(v1v2) = −〈v1, v2〉 andV (v1v2) = v1×v2. Hence the equality (15)
is a translation of

v3 × (v1 × v2) = 〈v2, v3〉v1 − 〈v1, v3〉v2.

Similarly (18) is a translation of (1).

HAMILTON points out (also on p. 317 of [6]) that (19) implies that
if v1, v2 andv3 are non coplanars vectors, then any vector is a linear
combination of these three vectors. Furthermore, the second following
equality

S(v1v2v3) = S
(
v1V (v2v3)

)
= S

(
(v1v2)v3

)
is translated by

〈v1, v2 × v3〉 = 〈v1 × v2, v3〉

and is, modulo the sign, the volume of the parallelipiped onv1, v2

andv3.

The forthcoming article by J.P. MORANDI [14] links an extension of
the cross product to LIE and composition algebras.
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Remark 3. MOORE has thus defined [3, 4] a determinant for hermi-
tian quaternionic matrices.

His determinant has been rediscovered at least twice and the links with
other determinants, including that of DIEUDONNÉ have been studied
[15, 16]. For more information, see [17] and [18]. More recently,
J.P. TIGNOL has proved [19] that MOORE’s determinant is a partic-
ular case of the reduced pfaffian norm introduced by M.-A. KNUS,
R. PARIMALA and R. SRIDHARAN.

4 Proof based on scalar products

4.1 Let W be asymmetric bilinear spaceon F , i.e.W is a vector
space onF with a symmetric bilinear mapW ×W → F . Let x, y ∈
W . If b(x, y) = 0, it is written x ⊥ y andx andy are said to be
orthogonal. Ifx 6= 0 andb(x, x) 6= 0, x is said to be anisotropic.
The family{x1, . . . , xn} of elements ofW is said to beorthogonalif
xi ⊥ xj wheni 6= j.

It is clear that

if the family{x1, . . . , xn} is an orthogonal family of el-
ements all of which are anisotropic, thenx1, . . . , xn are
linearely independent onF .

(23)

It can be proved elementarily (see e.g. [20], pp. 129–130) that any
bilinear symmetric spaceW has a base which is an orthogonal family
ofW . The bilinear symmetric spaceW is said to beregular if for any
0 6= x ∈W , there is ay ∈W for which b(x, y) 6= 0. Given a bilinear
symmetric and regular space and{x1, . . . , xn} an orthogonal basis of
W . Hence all thexi are anisotropic (if for examplex1 was isotropic, it
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would be orthogonal to all thexi, and by linearity toW , which would
contradict the regularity). The statement can be deduced:

If W is a regular symmetric space of dimension greater
than1, then anisotropic and orthogonalx, y ∈W exist.

(24)

4.2 Lemma 2. If W is a vector subspace of an associative algebra
onF , with a unit element1, and such that

(i) uv + vu ∈ F.1 for anyu, v ∈W ,

(ii) if u, v ∈W anduv + vu = 0, thenuv ∈W ,

(iii) if u ∈W anduv + vu = 0 for anyv ∈W , thenu = 0,

then the dimension ofW is 0, 1 or 3.

Proof. With the mapb : (u, v) 7→ uv+vu,W is a symmetric bilinear
space for which

the relationu ⊥ v is translated byuv + vu = 0. (25)

Similarly u 6= 0 is anisotropic if and only ifu2 6= 0. Relation (iii )
means thatW is a regular space.

If W = {0} or if W = Fu, with 0 6= u2 ∈ F , there is nothing
to prove. GivendimF W > 1. By (24), there are anisotropic and
orthogonalu andv ∈ W . Givenw = uv. By (25) and (ii ): w ∈ W .
Hence

w2 = (uv)(uv) = u(vu)v = −u(uv)v

= −u2v2 6= 0 (becauseu andv are anisotropic).

Furthermore

wu = (uv)u = u(vu) = −u(uv) = −uw,
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thereforeu ⊥ w. We verify similarly thatv ⊥ w. Therefore since
u, v andw form an orthogonal family of anisotropic vectors, they are
linearely independent (by (23)). GivenW0 = Fu + Fv + Fw. We
shall show thatW0 = W . Let us suppose the contrary, and given
z ∈W −W0.

Let us note

t = z − b(z, u)
u2

u− b(z, v)
v2

v − b(z, w)
w2

w.

Sincez /∈ W0, t 6= 0. We verify thatt ⊥ u, t ⊥ v and t ⊥ w,
therefore

tu = −ut (26)

tv = −vt (27)

tw = −wt. (28)

But

tw = t(uv) (by definition ofw)

= (tu)v (by the associative hypothesis) (29)

= −(ut)v by (26)

= uvt by (27)

= wt. (30)

Sincew 6= 0, (28) and (30) imply t = 0 and therefore a contradiction.
ThereforeW = W0.

Proof of (6). Given therefore (4) and let us prove thatV as a vector
space onF0 satisfies the hypothesis ofLemma 2:

(i) if v1, v2 ∈ V , thenσ(v1v2 + v2v1) = v2v1 + v1v2, therefore

v1v2 + v2v1 ∈ S(σ) = F0.
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(ii) Let v1, v2 ∈ V with v1v2 + v2v1 = 0.

σ(v1v2) = σ(v2)σ(v1)
= v2v1 becausev1, v2 ∈ V
= −v1v2 by the hypothesis.

Therefore

v1v2 ∈ V .

(iii) Let 0 6= v ∈ V . Therefore

0 6= 2v2 = vv + vv.

Lemma 2implies thendimF0 W ∈ {0, 1, 3}, which correspond to the
cases

V = {0},D = F0 = F , andσ is the identity map onD;

V = F0u whereu2 ∈ F0, henceD = F0 + F0u is a quadratic
extension ofF0, σ is the automorphism ofD described inExam-
ples 2;

V = F0u+ F0v + F0w, with u2, v2 ∈ F0 andvu = −uv. Hence
D is the sfield

(
u2 v2

F0

)
, with F0 = F , andσ is the involution

described inExamples 3.

4.3 Remark 4. Lemma2 is a tool for the proof of the result of [21]
which characterises the sfields of quaternions in characteristic unequal
to 2 in this way : the sfield∆ with centreF is a sfield of quaternions
onF if and only if W = {x ∈ ∆ − F | x2 ∈ F} ∪ {0} is a group
of more than one element, with respect to the addition. IfW satisfies
that last hypothesis it is clear that it is a vector space onF which also
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satisfies the hypotheses of Lemma 2. We then apply the Theorem of
CARTAN-BRAUER-HUA (elementary proofs of which can be found,
for example, in [22, p. 186] and in [23, p. 433]): if K is a sfield with
centrek andL is a sub-sfield ofK, not contained ink and invariant
by all the inner automorphisms ofK, thenL = K. It is obvious
thatW is invariant by all the inner automorphisms of∆, W 6⊂ F ,
therefore the sub-sfield generated byF andW is ∆. Lemma2 implies
dimF W ∈ {0, 1, 3}, and as in the proof of (6) in 4.2, the fact that∆
is a non-commutative sfield impliesdimF W = 3 andF + W is an
algebra which is a sfield of quaternions, therefore

∆ = F +W .

It can be shown [24] that the above hypothesis onW implies that
characteristic of∆ is different from2.

5 My thanks to Jean-Pierre TIGNOL for having re-read the first ver-
sion of this text and to have pointed out certain slips. He is of course
not responsible for any that may remain. It would also like to thank
him for having sent me the proofs of [14] and for having put me on
the track of a future piece of research [25]. My thanks too to David
MORRIS who has attempted to give an English form to this paper, to
Francis BUEKENHOUT for helpful comments on the form of the text,
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