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1 Introduction

Variational principles (or perturbed minimization principles) are
efficient tools to deal with minimization problems without com-
pactness. They have many applications for example in Banach
space theory, potential theory, non smooth analysis, and non lin-
ear analysis. These principles consist in perturbing a bounded
below, lower semi-continuous functighon an infinite dimen-
sional Banach spac& by a “good” functiong in such a way
that f + ¢ attains a (strong) minimum oAX (every minimiz-

ing sequence converges). These principles have been studied
for real-valued functions, for example in [2, 4, 6, 7, 9] and for
vector-valued functions, for example in [1, 5, 10, 12, 16, 17].
In [5], we were concerned with a vector-valued extension of
Deville-Godefroy-Zizler perturbed minimization principle [7],
the functionf taking values in a real Banach spaceartially
ordered by a closed convex pointed cone witn empty inte-
rior.

But in many cases, the interior of the ordering cone is empty.
For example, take/ = LP(£2), wheref2 is a non empty subset
of R™ andp € [1,+0), then the natural ordering cone has an
empty interior.

We extend our previous approach to Banach spacpartially
ordered by a closed convex pointed colie We also get a
porosity result.

This answers a question asked by R. Paya during the workshop
in the geometry of Banach spaces, hold at the university of Mur-
cia (July 1999).



In the same context we also get a vector-valued extension of
Ekeland variational principle and of Stegall variational princi-

ple.

2 Preliminaries

Let X andZ be real Banach spaces a#Adoe partially ordered
by a closed convex pointed coié Let f be a function fromX
to Z. The vector minimization probleif) under consideration
is:

Findz € X such that{ f(z) — K \ {0}) N f(X) = @.
Such art is called an efficient solution dfP).

We denote byFE(f) the set of all efficient solutions, and by
Min f the setf(E(f)).

Let us recall that a functiori : X — Z is saidbounded below
if there exists: € Z such that for al: € X, z < f(x).

In [16] (see also [3]) the authors introduced the two following
notions: a functiory : X — Z := Z U {+oo} U {—occ} is said
lower semi-continuoud.s.c.) atz, € X, if for each neighbor-
hoodV of f(x) in Z there exists a neighborhoadof z, in X
such thatf(U) C V + (K U {+o0}).

A function f : X — Z is saidquasi lower semi-continuous
(quasi-l.s.c.) aty € X, if for eachb € Z such that 2 f(x)
there exists a neighborhoaddof x, in X such thab 2 f(x) for
eachz in U.



A function f is|.s.c. (resp. quasi-l.s.c.) ffis I.s.c. (resp. quasi-
l.s.c.) at each point ok .

Let us recall a few facts concerning these notions [16, 3].
A l.s.c. function atrg is quasi-l.s.c. at.

A function f is quasi-l.s.c. if and only if for each € 7 the set
{z € X; f(x) < b}, also denoted byf < b}, is closed inX.

Let us remark that the notions of |.s.c. and quasi-l.s.c. coincide
for real-valued functions, but it is not the case in general: take
Z =R? K =R3. Then the functiory : R — R? defined by

f(0) = (0,0).

is quasi-l.s.c. but not I.s.c. at 0.

{f(:c) — (=1,1/]a]), foraz#£0

Moreover, any |.s.c. functiofi : X — Z has a closed epigraph
Epi(f) = {(z,y) € X x Z; y > f(z)}. But the converse is
not true in general as shown by the previous function

If Epi(f) is closed thery is quasi-l.s.c.; the converse is true if
the interior of K" is non empty. Let us also recall the following
properties.

LEMMA 2.1. ([16]) The sum of two I.s.c. functions is |.s.c.

Let G be an ordered topological vector space (0.t.v.s.) then a
functiong : 7 — G is saidmonotondf 2,2, € Z andz; > 2,

theng(z1) > g(z2).



LEMMA 2.2. ([16]) Letf : X — Z be l.s.c. and ley :

7 — (G be a monotone l.s.c. function with values in an o.t.v.s.

G. Thengo fisl.s.c.

In [5] we established a vector-valued Deville-Godefroy-Zizler
perturbed minimization principle for bounded below, quasi-
l.s.c. functions with values in a real Banach sp&qeartially or-
dered by a closed convex pointed cone witm empty interior
Here we get a vector-valued Deville-Godefroy-Zizler perturbed
minimization principle for bounded below, I.s.c. functions with
values in a real Banach spagepartially ordered by a closed
convex pointed con&’.

Of course now our principle applies 6= L?(Q), p € [1, 00),
2 a non empty subset &f".

3 Vector-valued Deville-Godefroy-
Zizler perturbed minimization
principle

Lete be in K\ {0} then ask is pointed it follows that-¢ ¢ K.

Then by Hahn-Banach theorem there existss K*, the dual
cone of K (K* = {z* € Z*; z*(2) > 0, Vz € K}) such
thate*(e) > 0. In what followse* (resp.e) will be a fixed
element inK™* (resp.K) such that*(e) = 1. Let us point out
some properties of*. Let f : X — Z U {+oc0}. We put
e*(+00) = 400.



(1) If fis bounded below, it follows, from the monotonicity
of e* thate* o f : X — RU {400} is also bounded below.

(2) If fisl.s.c.there* o fisl.s.c. (see Lemma 2.2).

(3) Letg : X — R U {+o0o} be a function and:y € X be
such thaty(z) < oo, then we say thag has astrong minimum
on X atuz if g(zg) = inf{g(x); x € X} andif (z,) C X is
such thaty(z,) — g(xo) then||z, — xo|| — 0 (that is, every
minimizing sequence converges:itg). Note that, in particular,
xo IS then a unique minimum. And by a remark of L. Quarta
and C. Troestler it* o f attains its strong minimum at, € X
then by the monotonicity of*, we have that, € E(f).

We call abump functioron X a real-valued function o with
bounded non empty support. Let us denote for X — Z,

1flloc = sup [Lf (2)]-
zeX

THEOREM 3.3. Let(Y,| - ||y) be a complete convex cone of
norm bounded, bounded below, |.s.c. functions ffome 7 such
that

(i) forall g €Y, [lgllo < llglly

(i) Y is translation invariant, i.e., iy € Y andx € X, then
7.9 : X — Z given byT,g(t) = g(x +t)isinY and
1Zzglly = llgllv;

(i) Y is dilatation invariant, i.e., iff € Y anda € R then
g% : X — Z given byg*(t) = g(at) isinY;

(iv) There exists a bump functién X — R such that(0) >
0 andb = —be belongs toy’.
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Letf : X — Z U {+o0} be al.s.c., bounded below function
suchthatD(f) = {z € X; f(x) € Z} # @. Then the set of all
g € Y such that* o (f + g) attains its strong minimum oX is

a densd’; subset; of Y.

PROOF The proof follows the ideas used by Deville-Gode-
froy-Zizler [7] and Deville-Finet [5]. We consider the déf :=
{9€Y: 3u, € X, e(f +g)(xa) < inf{e"(f + g)(2), = ¢
B(z,,1/n)}}, wheree*(f + g)(z) = e*((f + g)(z)). Since

f and g are bounded below, by monotonicity ef, we have
e* o (f + ¢g) is bounded below. We now prove thél, is an
open set. Ley be inU,, then there exists,, € X such that

e =inf{e*(f + g)(x), v ¢ B(x,,1/n)} — e*(f + g)(zn) > 0.
Leth € Y. Then

sup |e" () (@) < el 1rlloe < el H12ly (%)

Letk € Y be such thallg — k||y < ¢/4|le*||. We havee*(f +
k)(en) = e*(f + g)(wn) + e*(k = g) (2n).
By definition ofe, for = ¢ B(x,,1/n) and by &)
e (f+k)(xn) < e (f +g)(x) —3e/4
< e (f +k)(@) + (g — k)(x) — 3¢/4
Se(f+R)(x)—e/2 (by ()
Thus, forx ¢ B(x,, 1/n), e*(f+k)(x,) < e*(f+k)(z)—e/2.
This proves thak € U,,.
To get thatU,, is dense inY” follow the proof of [5] using the
facts thate*(e) = 1 ande* is linear. Consequentlgg = (), U,
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is a dens&~s subset of the complete coné If ¢ € G then
e* o (f + g) attains its strong minimum oN . Indeed, following
Lemma 2.1, asf andg are l.s.c. thenf + ¢ is l.s.c. and by
property (2) ofe* it follows thate* o (f + ¢g) is l.s.c. Then
following [5], we get that*o( f +¢) attains its strong minimum.
And conversely, it* o (f + g) attains its strong minimum then
g €aq. m

Let us mention that whemt K # @, if f is norm bounded then
f is bounded below. Indeed, l&f € int K. There exists > 0
such that the balB(k°, r) is contained ink. Then for each
re X,k +rf(x)/|fll € K and ask is a cone,

f@) € K=K flloo/r

We now give a porosity result. Let us recall the following:

DEFINITION 3.4. ([8],SEE ALSO[19]) Let (X, d) be a met-
ric space andd be a subset oK. The setd C X is said to
be porousin X if there exist\, € (0,1] andr, > 0 such that
foranyz € X andr € (0,r] there existyy € X such that
B(y, Aor) C B(z,r) N (X \ A).

Here B(z,t) stands for the open ball iX centered at with
radiust > 0. The setAd C X is calledo-porousin X if it can
be represented as a countable union of porous sefs in

As a Lipschitz continuous function : X — Z is l.s.c., we
can take forY” the Banach space of all bounded below, norm
bounded Lipschitz continuous functions fra¥nhto Z equipped
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with the norm:

lglly = gl +sup{M; v 4 y}
]

Following the proof of [8] it is then easy to get
PROPOSITION3.5. LetX andZ be as before. Lef : X —

Z U {+o0} be a proper, norm bounded, bounded below, I.s.c.
function. Then the set

G:={geY; e o(f+g) attains its strong minimum oX }

is aGs-subset of” whose complement in is o-porous inY’. In
particular the sef{ g € Y'; Min(f +g) # @} has a complement
in Y which isc-porous.

We now give some corollaries of Theorem 3.3. Détbe as
before then

COROLLARY 3.6. Letf : X — Z be l.s.c., bounded below.
Then, for every > 0, there existg : X — Z bounded below,
norm bounded Lipschitz continuous function such that

lglly <e, Min(f+g) # @.
Take now forY the Banach space of all : X — Z that

are bounded below, norm bounded, Lipschitz continuous and
Fréchet-differentiable (resp. Gateaux-differentiable) equipped
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with the norm :[|g|ly := max (||g[|c; [|¢'[|). We then get a
vector-valued version of the Borwein-Preiss smooth perturbed
minimization principle.

COROLLARY 3.7. (SVMOOTH PERTURBED MINIMIZATION
PRINCIPLE) Let X be a Banach space that admits a Lips-
chitz continuous bump function which is Fréchet-differentiable
(resp. Gateaux-differentiable). Then for evgry X — ZI.s.c.,
bounded below, and for every > 0, there exists a function

g : X — Z which is Lipschitz continuous and Fréchet-differen-
tiable (resp. Gateaux-differentiable) and such that ., < e,
19l <&, Min(f +g) # 2.

4 Vector-valued Ekeland variational
principle

As before letX andZ be real Banach spaces afde partially

ordered by a closed convex pointed cdkielLet e* (resp.e) be

a fixed element in* (resp.K) such thate*(e) = 1. We put
e*(+00) = +o0.

THEOREM4.8. Letf : X — Z U {400} be a quasi-l.s.c.,
bounded below function such thaX /) # @. Lete > 0 and
A > 0 be given and let € X be such that

(0 )(x) < inf(e" o f) +< ()

Then there exists. € X such that:
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() fze) < flx)
(i) [l — 2] <A
(ii)) zc € E(fy), wherefy(x) := f(z) + (¢/M)[lx — e,

PROOF Define an ordex on X by:
g
z<y & fl@)+llz —yle < fy).

Let us define inductively a sequen@s, ),cn in X, starting with
ug = x. Suppose,, € X is known. Then choose,,; € S, =
{we X, w < u,}, suchthate* o f)(u, 1) < infg, (e* o f) +
1/27,

As f is bounded below, there exists € Z, such that,z <
f(upy1), and asu, 1 € Sy, f(ups1) < f(u,). From the mono-

tonicity of e* it follows that the sequencf{e* o f)(uy)), . is

decreasing and bounded below, hence convergent.

Letw € S, then
;Hw — uglle < flun) — f(w),
by monotonicity ofe* and the fact that*(e) = 1, we get,
;Hw—n%u<(€ofﬂmﬂ—(€0fﬂw%

and by the choice of the sequer(es)
€ 1
Tl = unll < (€70 f)(un) = (€7 0 f)(uns1) + o7

Thus,diam S,, — 0.
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Moreover, asf is quasi-l.s.c., it follows that for eaghe X the
function : @ — f(z) + (¢/\)||x — y||e is also quasi-l.s.c. And
the setS,, is closed. AsS, ., C S, it follows that there exists
r. € X such that"), S, = {z.}. Therefore, in particular,
ve € Spand f(z.) < f(x). Moreover, the inequality (z.) <
f(x) = (e/A)]lx — zc[|e implies

o — el < (€ 0 £)(@) — (e )
<

i%f(e* of)+e—(e"of)(z:) <e.

And ||z — x| < 1/

Now takew < z., thenVn, w < u, andw € (), S,, thus
w = x, this is assertion (iii). [

Let us mention that Ch. Tammer [17, 18] got this result, when
int K # o, and instead of considering points satisfy-

ing (x) she considered-approximatively efficient points, that
are pointsr satisfying

FX)N(f(2) —ee — K\{0}) = @. (%)
Let us mention thatx) implies (xx).

Let us also mention that if we apply the scalar-valued Ekeland
variational principle to the functioa* o f we do not get the
result. Indeed for (i) we then gét* o f)(z.) < (e* o f)(x), but

this does not imply thaf (z.) < f(x) and for (iii) there is no
reason whye. should be inE(f).
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5 Vector-valued Stegall variational
principle

THEOREMb5.9. LetC be a non empty closed bounded subset
of X with Radon Nikodym property. L¢t: C — Z be al.s.c.
bounded below function. Then for every> 0, there exists

L : X — Z linear continuous operator witiL|] < e and

e* o (f + L) attains its strong minimum o6'. In particular
Min(f + L) # @.

PROOF It suffices to show that for every* in X* there exists

L : X — Z linear continuous operator such that= e* o L.
Indeed as:* o f is l.s.c. bounded below we can apply Stegall
variational principle [13] to the real-valued functieho f. Let

e > 0ando < ¢/|le|, there existse* € X*, ||z*|| < ¢ and

e* o f 4 z* attains its strong minimum of.

Now consider, = ex*, thenL is a linear continuous operator,
with || L|| < € andz* = ¢* o L. And we get the result. n
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