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Introduction

In [1], the authors begin by the following: “In many different settings
one encounters a problem which, at first glance, appears to have no
solution at all. And, in fact, it frequently happens that there is a large
linear subspace of solutions to the problem.”

A setM in a linear topological spack is said to ben-lineable(resp.
lineable resp.spaceablgin X if MU {0} contains a vector spadé
with dimY = n (resp. din¥ = dimN, resp. din¥ = dimN and Y is
closed). If the maximum cardinality of such a vector space exists it
is called thelineability of M and denoted by.(M). The setM is
said to beotally non lineableor very non linearif A (M) < 1. In [1],

they give number of such results of “linearity in non linear problems”
in many different fields of analysis (e.gl14] and [3] concerning ze-
ros of polynomials, §] and [4] concerning hypercyclic operatorsl][
concerning non extendible holomorphic functions,...). One of the first
results in this spirit is the lineability of the set of nowhere differen-
tiable functions or0, 1], proved by the first author irB. This work

has been intensively continued.(} 7] which prove the spaceability,
[13] which proves that any separable Banach space is isometrically
isomorphic to such a subspacé]]). Recently, several papers were
devoted to the study of the lineability of sets of functiong@r| or R
which satisfy other special properties. For examples, P. Enflo and the
first author have proved irf] that for any infinite dimensional sub-
spaceX of the spac&C[0, 1] of continuous functions of0, 1], the set

of functions inX having infinitely many zeros if0, 1] is spaceable in

X and R. Aron, J. Seoane and the first author have show# itht

the set of everywhere surjective functions fr@o R is lineable (in
fact the lineability of this set is equal to the dimensioriR)f
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This article takes its place in that program. We study the following
guestion: is it possible to find a vector space of dimension at least two
of real-valued continuous functions with (except for the zero func-
tion) one and only one absolute maximum? The main results are the
following:

Theorem 6. The seCC[0, 1] of real-valued continuous functions which
admit one and only one absolute maximum is very non linear in
C[0,1]. In other wordsA (C[0,1]) = 1.

Theorem 9. The seC(R) is 2-lineable inC(R).

Theorem 19.1(Co(R)) = 2, whereCy(R) is the space of continuous
functions onR vanishing at infinity.

We have some other relative results, as the spaceability of the set of
continuous and bounded functions Bnwithout any absolute maxi-
mum and answers to the corresponding questions for sets of sequen-
ces. Also, we can complete some results obtained4hdoncerning

the lineability of the set of continuous functions which attain their
supremum norm at a unigque point.

We will use the following notations for a functiorbelonging taC(K)
whereK is a subset ofR: M(x) := supk X(t), m(x) := infiek X(t),
IIX|]| :=M(|x]), My :={t e K:x(t) = M(X)}, my:={t e K:x(t) =
m(x) }. We will denote by(x,y) the vector space generatedbgndy,
and by|S the cardinality of a ses.
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1 The very non linearity of C[0, 1].

The main tool in the proof of heorem 6will be the notions ofgnor-
ability andfence Let us introduce these definitions.

Definition 1. Let (x);._; be afinite set of functions i8[0, 1]. A point
t in [0,1] is said to begnorablefor (x){, if for every set(c ), of
strictly positive real numbers,¢ Msn 4. A pointt in [0,1] is said
to be afencebetweert; andt; in [0,1] for (x){', if t € Jty,to[ andt is
ignorable for(x;);.

Definition 2. A pair of functions{x,y} in C[0, 1] is said to becanon-
ical if 3ty € My, 3ty € My, 3t € Jty, ty[ : my = {f} orm, = {t}.
Obviously, we have

Lemma 3. In the canonical situation dDefinition 2  is a fence for

{x,y} betweenyand t,.

Proof. Let us suppose thamy, = {t}. Then,x(f) < x(ty), y(f) < y(ty)
andf ¢ Mg+ py for every strictly positive real numbersandf. [

A canonical pair of functions cannot be the basis of a two-dimensional

vector spac® such thaw \ {0} is contained irC[0,1]. Indeed,

Proposition 4. For any canonical pair of function$x,y} in C[O, 1]
there exist two positive real numbessand 8 such that the function
ax+ By has at least two absolute maxima.

In order to prove this proposition, we will need the following
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Lemma 5. If @ is a continuous map fron®, 1] to C[0, 1] such that for
everyo in [0, 1], Mo, is a singleton{t, }, then the map defined from
[0,1] to [0,1] by () =tq is continuous.

Proof ofLemma 5 Let us suppose that — ap and, by contradiction,
let us suppose thdt,) does not converge ti,. Since|0,1] is com-
pact, up to a subsequendg,) converges to a poirite [0,1] . For
everya € [0,1], we have:|®y(ty) — Dy (f)] < [Py (te) — Doy (te)| +
| P (ta) — Pa(D)] < [|Pa — Py || + [Py (ta) — Pu ()] Sinced® and
®,, are continuous, we havef®,(ty) — ®q(f)| — 0 wheno —
op. But we have alst(®y) = Py (ty) — M(Pg,) = Py, (te,) and
Dy (f) — Doy (). Then, Dy (f) = Py, (te,) = M(Py,) and since
M(®Dg,) = {tg}, we have =tq,. This concludes the proof. O

Proof of Proposition 4 Let us suppose that there exists a canonical
pair of functions{x,y} such that for everya,3) € R2 \ {(0,0)},
Mx+py IS @ singleton. Let us consider the m&adefined from[0, 1]

to C[0,1] by ®, = (1— a)x+ ay and the magu defined from|0, 1]

to [0,1] by p(@) =ty where{ty} = M1_g)xiay- By Lemma 5 p is
continuous and by the intermediate value property (Weierstrass theo-
rem) u takes all the values betweer(0) =tp andu(1) = t; where

{to} = My and {t1} = My. This is in contradiction witi_.emma 3
which asserts that there exists a fence betwgemdt;. This con-
cludes the proof oProposition 4 O

We can now prove the very non linearity ©f0, 1].

Theorem 6. A(C[0,1]) = 1.



Proof. We want to prove that for any pair of linearly independent
functions{x,y} in C[0, 1] there existga, B) in R?\ {(0,0)} such that
the functionax-+ By admits at least two absolute maxima. let us sup-
pose that it is not true and consideandy in C[0,1] such that for
every (o, ) in R?\ {(0,0)}, Mgy, gy is @ singleton. Let us define
£(x,y) == MyUMyUmyum,. Obviously,e(x,y) contains at most four
points: |e(x,y)| < 4. We have to consider two cases:

n If |e(X,y)| = 3, one of the four pairs of function,y}, {x, -y},
{=x,y} or {—x, —y} is canonical and, bf?roposition 4we have a
contradiction.

s If |e(X,Y)| = 2, using the idea of the proof &froposition 4we can
find a € ]0,1] such that the pair of functionf, (1 — a)x+ ay}
satisfies(x, (1— o)X+ aty) > 3. And then, the first case gives the
contradiction. O

Remark?. Let us note that we can deduce from that A (C[0,1]) <

2 and, actually, even more: the sub$&f0, 1]|| of C[0, 1] of functions
which attain their supremum norm at a unique point is very non linear.
This approach is connected with the existence of alternating elements
in subspaces @20, 1].

2 The lineability of C(R).

We will prove that the situation of a close interval of the previous
section is rather different from the situation of open or semi-open in-
tervals.

Proposition 8. C([0,2x() is 2-lineable.



Proof. Let us consider the trigonometric functions sine and cosine
defined on the semi-open inteny@l 2z[. We have:V(a,B) € R?\

{(0,0)}, 36 € [0,7], acos+fsin= /a?+p2coq-+ 0). Since
the function cosine admits one and only one maximd0oBz|, this
proves thatsin,cos \ {0} c ([0, 2x]) and concludes the proof. ]

We can now easily prove the

Theorem 9. C(R) is 2-lineable.

Proof. The functions< andy defined orR by

X(t) := pu(t) cog4arctarjt|) and
y(t) ;= u(t)sin(4arctart|)

wherep is the real-valued continuous function definedbhby

are two linearly independent functions ©fR) such that for every
(ar, B) inR?\ {(0,0)}: Moy gy is a singleton. O

Let us remark that the two-dimensional subspace construct in this
proof is isometric to/2(2). It is impossible to find such a subspace
isometric tof1(2).

Proposition 10. It is impossible to find a two-dimensional subspace
E of C(R) isometric tof1(2) such that B\, {0} ¢ C(R).

In order to prove this proposition we need the following
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Definition 11. A finite sequence = (ey,...,&,) in C(R) is said to be
e-Rademache(e > 0) if there exist 2 distinct pointsty, ...t in R
such that

s Vie{l...,n},Vje{l,.. . ,2"}
lell=1 and l|a(tj)| € [1-¢,1],
n VN =(N1,...,nn) With n; = +1,3j € {1,...,2"} such that
(signex(tj),...,signen(tj)) = 1.

If is e-Rademacher for each > 0 then€’is said to bealmost-
Rademacher And, if € is 0-Rademacher themi§ simply saidRa-
demacher

It is easy to prove the following

Lemma 12. The sequencé = (ey,...,&,) in C(R) is isometrically
equivalent to the unit basis éf(n) if and only ifé is almost-Radema-
cher.

Proof of Proposition 10 Let us suppose that there exists a two-di-
mensional subspadeof C(R) with an almost-Rademacher basis:~
(e1,e) such tha€\ {0} C C(R). There are two cases:

m €is Rademacher and then one of the four functioms, e, —&
or & has at least two maxima.

= €is almost-Rademacher but not Rademacher. Theretexsdt,
inR suchthag () =1=maxcrel(t), i =1,2. Ift; =t, we define
e=e — 6, if note:= e +e. Since€’is almost-Rademacher,
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for eache > 0 there exists € R such thate(t) € [2—¢€,2[. But,
sincee; ande, admit one and only one maximurit € R, e(t) <
2. That means that the functianhas no maximum and gives a
contradiction which ends the proof. O

Let us note that we don’t know if the s€(R) is n-lineable forn >
3, lineable or even spaceable. In the following section, we give a
negative answer for vanishing functions.

3 The 2-lineability of Cy(R).

In this paragraph we will proof that there exists a two-dimensional
vector subspac€& of Cy(R) such thatF \ {0} ¢ Cy(R) and that it

is impossible to construct suchredimensional vector subspace for
n> 2. Let us recall the notion of inclination.

Definition 13. Let P andQ be two closed subspaces of a Banach space
(X, |I-ID- Theinclination of P on Q is defined by

(PQ):=inf{d(x,Q):xe P, [x| =1}

whered(x, Q) := inf{||x—q| : g € Q}.

Remark14. Clearly, if P = (x) andQ = (y) wherex andy are lin-
early independent iiX, then(ﬁ,b) and ((5,\P) are strictly positive.
Moreover, if(lgfg) =0 >0andz= ax+ Bywithxe P,ye Qand
Xl = lIyll = 1 then|e| < [|Z]|/.

Definition 15. A real-valued functiorx defined on a sdf is said to
be alternating if there existt; andt, in K such thatf(t;) < 0 and
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f(t2) > 0. A set of functions is said to be alternating if every non zero
function is alternating.

Proposition 16. It is impossible to find an alternating two-dimen-
sional vector subspace A of(R) such that A {0} c Cy(R).

Proof. Let us suppose that there exisindy two linearly independent
functions such thatx,y) \ {0} c Co(R) and(x,y) \ {0} is alternating.
Let us consider the sét:= {z= ax+ By: ||z| = 1}. By Remarkl4,
there exist® > 0 such that iz= ax+ By € Z thena andf belong to
[—1/8,1/8]. Letus put, for everg= ax+fy € Z, m,p :=inf{ (ax+
By)(t) 1t € R} andMyp = sup{(ax+ By)(t) : t € R}. We have
sup{myp : z= ax+ By € Z} < 0. Indeed, if not3(on)n>1, (Bn)n=1 C
[-1/6,1/6], Ve >0, Ing > 1, Vn>ng: —¢€ < Mo B, < 0. Upto
a subsequence, we can assume that> & and 8, — . Since, by
Lemmas, mg, 5, — M5 we havemg; = 0. That means that= ax+
ﬁy is positive which contradicts the fact thats alternating. In the
same way, infMyp : z= ax+ By € Z} > 0. Thus, letN > 0 be such
that: Vze Z, m(z) < —N < 0 < N < M(z). Sincex andy belong to
Co(R) and sincez = ax+ By € Z impliesc, B € [-1/6,1/6], there
existsT > 0 such that ift| > T andz € Z thenz(t) € [-N,N]. This
implies that every € R such thatt| > T is ignorable forze Z. So,
the problem is reduced dr-T, T]: we have(x,y)\ {0} c C([-T,T]),
which contradicts Theore O]

Proposition 17. Every n-dimensional (p- 2) vector space of func-
tions contains an (A 1)-dimensional alternating subspace.

In order to prove this proposition we need the following algebraic
lemma.
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Lemma 18. Let V be an n-dimensional (a 2) vector space of real-
valued functions on a set K. Then there exist n po@t]t)ﬁ‘:l in K
such that for everyy;;) € R™", there exist n functiongY;)! ; of V
such thatvi, j € {1,...,n} :Yi(t)) =Vij.

Proof ofLemma 18 Clearly, if dimV = n thenK contains at least
points.

= Let us begin by proving by induction that: {§X;}!, is a basis
of V then there exish points{t; }{ ; in K such that then vectors
(Xa(tj))}_y, -+ (Xa(tj))]_, are linearly independent.
For n= 2. Let us suppose, by contradiction, that for evary,
in K the vectors(Xi(t1), X1(t2)) and (Xa(t1),X2(t2)) are linearly
dependent. We can suppose that there &xistk anda in R such
thatX,(tg) = aXi(to) # O (if not, the assertion is trivial). Then, we
have:

VteK, 3B eR,  (BXi(to), fiXa(t)) = (Xo(to), Xa(t)).

The equality of the first components implies that for evielry K,
Bt = a and then we havevt € K, Xy(t) = aXy(t) which contra-
dicts the fact thak; andX; are linearly independent M.

Let us suppose that the assertion is true foerk > 2 and let
us prove that it is longer true for &= k+ 1. Again, by contra-
diction, let us suppose that for eve{yj}'j‘ﬁ C K, the vectors

(Xl(tj))lj(ii,..., (Xk—f—l(tj))lj(ii are linearly dependent. Since the
assertion is true fon = k, there exis{ty, ...,tx} C K such that the

span of thek vectors(Xl(tj))'j(:l,..., (Xk(t,-))j:1 is equal toRX.
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Then, there exists an unique sequefiegX ; C R such that

(.Z\aixi(tj)yj(—l = (Xk+1(tj))lj(:1

Indeed, since the rank @¥;(t; )) _, is equal tok, (a;)K ; is the
unique solution of the system

(ZB. )", = Kera)s

For everyt in K thek+ 1 vectors
(0at)f_pXa®) - ( Oeralt) {_y X2 ()

are linearly dependent. Then, for eveiip K there existgy )k, C
R such that

((_i%xi ] 1’27')(' ) Xk+1( ))j 1, X (t ))

The equality of thek first components implies tha{ty.}}‘:l =
{ai}¥_; and then we havert € K, X 1(t) = TX ; 05X (t) which
contradicts the fact thd;)!1 are linearly independent M.

Let us suppose that divh=n and let us denote b§x; }¥*! a basis
of V. By the previous step, there exist)!_; € K such that the
vectors(Xy(tj)){_y, ..., (Xn(tj))j=, are linearly independent. Let
us consider the matrify;;) € R"™". We have:

vie{l....,n}, ekl CR: (_iai,-xi(t,-))?_l = (i)t

Then, the functionYi}[_; C V defined byY; = 3"_; &;iX; are
such thatv(tj) =yjj. O
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Proof of Proposition 17 Let V be ann-dimensional vector space of
functions onK and let us suppose that every subspatef V of di-
mensiom — 1 is not alternating. Then there exists a positive function
Y onK. Let us choose points inK and consider the vectdy;)! ;

of the values ofY on these points. Clearly, the orthogonal comple-
ment of this vector ifR" is an alternating vector subspaceR}f of
dimensionn— 1. Let(y1j)i_;,. .., (Yn-1);)]=1 be a basis of this sub-
space ofR". By Lemmals, there exish points{t;}]_; C K andn
functions{Y;}!' ; CV such thati(t;) =y;;. Clearly,W = (Yj)'_; is an
alternating subspace Wfof dimensiomn— 1. O

We can now easily prove the announced

Theorem 19. A(Cy(R)) = 2.

Proof. We have(sin,1— cog \ {0} c C([0,2x]) and then, as in the
proof of Theoren®, we have tha€y(R) is 2-lineable. The fact that
Co(R) is notn-lineable forn > 2 is a straightforward consequence of
Propositionsl6 and17. O

If we denote byC (R) the set of functions defined dR such that
the limits lim__, f(t) and lim_. . f(t) exist, we have the following
corollary of Theorem 19

Corollary 20. A(C_(R)) = 2.

Remark21. Using the very non linearity ofC[0,1]|| (seeRemark §
instead ofTheorem @n the proof ofProposition 16we can prove that:

itis impossible to find an alternating two-dimensional vector subspace
A of Co(R) such that\ {0}  ||Co(R)|| (where||Co(R)| is the subset
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of Co(R) which attains their supremum norm at a unique point). So,
Proposition 17mplies: A(||Co(R)]||) < 2. We don't know if this set is
2-lineable or very non linear.

Surprisingly, the corresponding result for the space of convergent se-
guences is different: the seg 6f vanishing real sequences with an
unique maximum is very non linear.

Proposition 22. A (&) = 1.

Proof. Let us suppose, by contradiction, that there exist two linearly
independent elemenks= (xn)n>1 andy = (yn)n>1 of ¢p such that for
every(a, ) in R?\ {(0,0)}, ax+ By admits one and only one max-
imum. Without loss of generality we can suppose that max =
Xi, = 1, ¥i, = 0 and that there existf # ip such thatyj, > 0. Let
Aj, € R be such thak;, 4+ 14,yj, = 1 and let us consides € R such
that 0< € < 1/(1+4j,). Since the sequencesandy converge to
0: 3N > jo, Vi > N, max{|x|,|yi|} < €. Let us considefy; }', C
{yi}N5! such thatrk € {1,...,m}, yi, > 0 and{A}[" , C R such that
Xi, + AYi, = 1. S0, Ap := min{A}g.; > 0. Let us define the se-
quencez := X+ Agy. It is such that maxi1z =1, z, = X, = 1 and
vk e {1,...,m} such thatiy = Ao: 7, = 1. Thenz has at least two
maxima, which is a contradiction. O

The following proposition is proved inlf]. We give here a proof of
the same result based on the prooPobposition 22

Proposition 23. Let L C ¢g be a subspace withimL = n e N\ {0}.
Then there exists® L such that|x||, = 1and |{i : [x| = 1}| > n.
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In particular, this proposition implies that the subgég|| of co of
sequences which attain their norm at a unique point is very non linear:

Corollary 24. A(||&]|) = 1.

Since the sup-norm af is Gateaux-differentiable atif and only if
t — |x(t)| attains its supremum ov&rat a single pointy and|x(to)| >
sup{[x(t)| :t € N\ {to} } (cfr [5]), we have

Corollary 25. The set of points of Frechet-differentiability of the
supremum norm ofpds very non linear.

Proof Proposition 23 Let {x!,...,x"} be a basis of. Let us proceed
by induction on the dimensiomof L.

The case r=1 is trivial.

The case n= 2. Let us suppose, by contradiction, that for every
(a,B) € R?\ {(0,0)}, ax! + Bx? attains its norm at a unique point.
Without loss of generality we can suppose thef|, =x. =1,x2 =0
and that there existjg # ig such thaIxJ?o # 0. Let us define the positive
real numberd;, such thatc, + A;,X¢. = signx and considee € R
such that 6< & < 1/(1+ 4j,). Since the sequencesandx? converge
to 0: IN > jo, Vi > N:max{|x}|,|x?|} < e. Fori€ {1,...,N—1} and
such that? # 0, let us defingy; € R such thak! + Aix? = signx?. Let
us consideo = min{A;} > 0 and the sequena® = x' + Aox?. We
have|[w?||» = 1,w? = x! =1 and for alli € {1,...,N — 1} such that
Ai = No: WP = signx?. Thenw? attains its norm at at least two distinct
points, a contradiction.

The case B= 3. Let us suppose, by contradiction, that the proposition
is false forn = 3. Thus, forw® defined in the previous step, there
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exists only one; € N such thatdi, = A\g. Without loss of generality
we can suppose thaf = x? = 0 and that there existl ¢ {io,i1}
such thaix?l # 0. Let us define the positive real numbgr such that
W +2,¢ = sign’ and conside € R such that 0< & < 1/(1+
2j,). Since the sequenced andx® converge to 03N > jq, Vi > N :
max{|wP|, X3} < €. Fori € {1,...,N—1} and such thax? # 0, let
us definel; € R such that? + Aix® = signx®. Let us considen; =
min{A;} > 0 and the sequenae" = w° + A1x3. We have|w! ||, = 1,
wh :vv% =1,w :wiol :signxiz1 and for alli € {1,...,N—1} such
that 4 = A1 w! = signx®. Thenw! attains its norm at at least three
distinct points, a contradiction.

We can now use the same idea to perform thesteg and so on. [J

Let us remark that, according to some minor modifications in this
proof, we can get the following improvement@foposition 22

Corollary 26. Let L C ¢cg be a subspace wittimL = n e N\ {0}.
Then there exists® L such that|x||, = 1and|{i : x; = 1}| > n.

4 The spaceability of CB(R).

Let us consider the s@B(R) (resp.|[CB(R)|)) of continuous and
bounded real-valued functions defined®nvhich do not attain their
supremum (resp. their supremum norm).

Theorem 27.CB(R) and |[CB(R)|| are spaceable.

By linear interpolations and symmetrisation, this theorem is a straight-
forward corollary of the corresponding following result concerning
sequences:
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Proposition 28. /., and ||/, || are spaceable.

Proof. Let us consider the set of sequen¢g9nen C /- defined by:

vneN, s=(s)is1=(11,...,1,-1,-1,...,-1,1,1,...,1,...).
—_—
2" times 2" times 2" times

And with these sequences let us construct the following one’s:
VneN, en=((1-1/2)si).;-

For everyN € N, we have:

N N
Z)anenH = Zo‘an‘
n= @ p=

which proves thate,)nen is @ basic sequence equivalent to the canon-
ical basis off;. Obviously, we have:

4o +oo +oo +o0
Vi>1, ‘(Z)anaq)_‘ < H Z)ocnenH =Y |on| = sup( ocnen)_.
n= ! n= ® p= i>1 M= !

This proves thaE = (ey)nen is an infinite dimensional closed vector
subspace of, such tha€ \ {0} C e N ||lw|. O
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