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1 Introduction

Many papers{, 10, 11, 12, 13, 14, 16] are concerned with the phenomenon
that for certain Banach spacésandY, the Banach spad€(X,Y) of compact
linear operators fronX to Y is anM-ideal inL(X,Y), the Banach space of
bounded linear operators froiito Y. This special attention is due to the
facts that, for example, when this happens:

= every element oL (X,Y) has a best compact approximant (cfheo-
remA andTheoremB),

= one has the uniqueness of Hahn-Banach extensions K@Y) to
L(X,Y) [14].

This article extends some results 8f.[The authors proved thatX is a Ba-
nach space with an unconditional shrinking basis KeX, c,) is proximinal
in L(X,¢). Here, we prove that evety-ideal is strongly proximinal. We
also show thaK (X, ¢,) is anM-ideal inL(X, ¢*). This implies that, without
any assumption oK, K(X,¢c,) is strongly proximinal irL(X, ¢*).

Let us recall the notions mentioned above.

LetJ be a closed subspace of a Banach spadeorx € X, let
P :={jed:[x=jl =d(xJ)}

whered(x,J) :=inf{||x—j|| : j € J}. The subspacis said to bgroximinal

in X, if for eachx in X, the setP;(x) is non-empty. An element d¥(x) is
called abest approximanof x in J. Every closed subspace of a finite dimen-
sional space or of a uniformly convex space (and then of a reflexive space)
is clearly proximinal. It is known that a Banach spatés reflexive if and

only if every closed hyperplane is proximinal¥ If J is a proximinal sub-
space of finite codimension X thenJ* := {x* € X* : Xj, = 0} is contained

in NA(X), the subset oK* consisting of all norm attaining functionals on

X [5]. The converse fails in general (se&]) but it is true forc, and its

subspaced].



When each “nearly best approximant” »fin J is necessarily close to an
actual best approximant one says thas strongly proximinalin X. More
precisely, ford > 0 let Py(x,8) :={j € J: |[x— j|| < d(x,J)+ 6}, thenJ

is strongly proximinal inX if and only if J is proximinal inX and for each

xin X and eache > 0 there isé > 0 such thad(j,P;(x)) < e for all j €
P;(x,8). Itis easy to prove that every closed subspace of a finite dimensional
space is strongly proximinal. But in general proximinality does not imply
strong proximinality. For example, every proximinal hyperplane is strongly
proximinal if and only if NA, (X) := NA(X) N S(X*) coincides with the set
S:={x* € S(X*) |- ||x- isSSD atx"} [7]. A norm ||-| on X is said to
bestrongly subdifferentiable (SSBJx if the one-side limit lim_ . $(|Ix+

th|| —[|x||) exists uniformly inh € §(X). In [4], itis shown thaSC NA, (X).
Then, in a reflexive infinite dimensional space with a dual norm which is not
everywhere SSD, there exists a hyperplane which is not strongly proximinal.
In ¢,, there exist non strongly proximinal hyperplanes since the canonical
sup-norm or¢® is not everywhere SSD (seg]]. In [8], the authors proved
that a finite codimensional subspakef K (£?) is strongly proximinal if and
only if J* is contained in NAK (¢2)).

A closed subspacgin X is said to be amM-ideal in X if and only if there
exists a linear projectioR from X* to J* such that:

e X, x| = [[PX + [[X — Px.
This notion is due to Alfsen and Effrog][and studied in detail ind].

Examples oM-ideals are §]: ¢, in its bidual¢*, K(H) in L(H) whereH is
an Hilbert spaceK (X, c,) in L(X, c,) for every Banach spacé, or K(¢P, £9)
in L(¢P,£9) for 1 < p,q < +o, while itis not true forlK (X) in L(X) if X =£%
orX =LP(0,1), pe [1,40]\ {2}.

In[12), it is shown thaK (LP, ¢P) is anM-ideal inL(LP,¢P)if 1 < p< 2 and

it is not true if p> 2. In [10], it is proved for 2< p < 4+ and subspaces
X of quotients ofLP with a 1-unconditional finite dimensional Schauder de-
composition thaK (X, ¢P) is anM-ideal inL(X, £F).



In [1], the authors also gave the following equivalent conditionJft be an
M-ideal inX which avoids mentioning the dual spaxe.

Theorem A. For a closed subspace J of a Banach space X, the following
assertions are equivalent:

1. Jis an M-ideal,

2. The n-ball property.
For all n € N and all families (B(x,r;));_, of n closed balls satis-
fying B(x,,r;)NJ # @ for alli =1,...,n and L B(x,r;) # @ the
conclusion_; B(x,,r; +€)NJ # & for all € > 0 holds.

3. The [restricted] 3-ball property.
For all j,,j,, j3 € B(J), all x € B(X) and all ¢ > 0 there is je J
satisfying:||x+ j; — j|| < 1+efori=1,23.

Following [16], we say that a closed subspakef a Banach spac¥ has the
1%-ball property in Xif the conditions
xeX,jed, |x—j|<r+r, and B(xr)nI#o
implies that
B(j,ry) NB(X,ry) NI # @.

This is equivalent to requiring thgstrict) 2-ball propertysubject to the re-
striction that one of the centers liesdn

if xe X,jeJ, B(j,ry) NB(x,r,) # @ andB(x,r,) NJ # &
thenB(j,r;) NB(x,r,)NJ # @.
Let us note that the %L—ball property is not a sufficient condition to be an
M-ideal: K (¢1) has the -ball property inL(¢1) but it is not anM-ideal (see
[9, 16]).

Theorem B ([16]). Let J be a closed subspace of a Banach space X. If J
has thel%—ball property in X then J is proximinal in X.

According toTheoremA andTheoremB, we get

Corollary. Every M-ideal is proximinal.



2 Results

As mentioned before, the%lball property is a sufficient condition for prox-
iminality. Here we prove that this property implies strong proximinality.

Theorem 1. Let J be a closed subspace of a Banach space X. If J has the
l%-ball property in X then J is strongly proximinal in X.

Proof. The proof follows the ideas of the proof @heoremB in [16]. Let
x € X be such thatl := d(x,J) > 0 ande > 0 be fixed. We want to prove that
there exist® > 0 such that:

Vied, [x—jll<d+68] = [3]"€d, [i—i'll <eand|x— ||| =d].
Let us taked = € and letj; € J be such thafx— j;|| <d+6=(d+6/2)+
/2. By definition ofd, B(x,d + §/2) NJ # @ and then by the 3-ball
property, we have

: . ) 1)
3j, €, jZGB(Jl,§>OB(X,d+§>.
We have now|x— j,|| < (d+6/2) = (d+6/4) + 6/4 and by the %—ball
property, we have:
. . ) 1)

So, inductively, we construct a sequeri¢g),,-, C J such that: foralh > 1,
: 0
[[X— jnll <d+F (1)

S 15}
[in = Jnsall < >n 2)
By (2), (jn)@1 is a Cauchy sequence & Sincel is closed, there exists
j’ € Isuch that’ = limy_. jn. By (1), we have||x— j’|| = d. By (2) again,

=1 i —nll <[y =2l + 2= Jsll 4+ lin-g = inl
+°°1

<8§Y . =6.
nZl 2"



Then,||j;—jI<d=e. O

By TheoremA andTheoreml, we have the following

Corollary 2. Every M-ideal is strongly proximinal.

Following ideas described i9], we prove
Proposition 3. For every Banach space X, (X,c;) is an M-ideal in
L(X,£%).

Proof. By TheoremA, it suffices to prove thak(X,c,) satisfies the 3-ball
property inL(X, £%). LetSe B(L(X,£%)), T; € B(K(X,¢p)) (i =1,2,3) and
€ > 0. We want to findl' € K(X, c,) such that:

IS+T,—T||<1+e fori=1,23.

€ (®, let us putky(a) = (a;,a,,...,an,0,...). SinceT, €

Fora= (a);
(i=1,2,3), we have:

izl
K(X,¢) 12
|IPhT, —T|| <& fori=1,23andnbig enough.

Moreover,
[IPnT; + (]1500 -P)gI<1l (i=1,23),

since||PhT; + (1, — P)S|| < max{[|PTi |, [|(1,- — P)S]| }.
If we takeT = P,S(for n big enough), then for= 1,2, 3:

[Ti+S=RS| < [T -RT[+[AT+(1e—-R)S<e+1l O

By Corollary2, we then have

Corollary 4. For every Banach space X,(K,c,) is strongly proximinal in
L(X,£%).



Remark 5. Itis clear from the proof oProposition3 that if (K, ) is a net of
compact operators o satisfying:

Ko — 1y in norm and
for all U,W in L(X,Y),
limsup|[KqU 4 (1y — Kg)WI| < max{[[U]], W]}
o

thenK(X,Y) is anM-ideal inL(X,Y).
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