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Introduction

Since their creation, Turing machines have enjoyed a widespread use
that is far from ceasing. They gave birth to a great deal of inves-
tigation and underlie what we nowadays mean bycomputableand
complexity. Other equivalent approaches to computability were de-
veloped at the same time. Of particular interest for this paper is what
we will call the “Kleene approach” in which computable functions
(also calledrecursivefunctions) are described as the closure of some
basic set of functions by some “generation” rules, the more important
and powerful of these being recursion. Let us recall that, in this con-
text, recursion is defined precisely as follows. Letf0 : Nk → N` and
F : N × Nk × N` → N` (k, ` 6 ∞) be two recursive functions. The
recursion scheme says that the functionf : N×Nk → N` defined by

(1)

{
f(0, x) = f0(x)
f(n + 1, x) = F

(
n, x, f(n, x)

)
is recursive. We will call(1) a vector-recursion scheme to emphasize
that` may be greater than1, that is that the recursion is performed on
` numbers simultaneously. A priori, vector recursion is more power-
ful than scalar-recursion (` = 1). However, it is shown early in the
theory of recursive functions thatN` is isomorphic toN by a com-
putable isomorphism. As a consequence, scalar- and vector-recursion
are equivalent. The proof is in fact a bit more complicated because
not only we must codeN` in N but also show that the operations on
N` transpose to scalar-recursive functions on the codings ofN` in N.
For details, the reader is referred to [8, p. 13].

Despite a great deal of work to extend Turing ideas, no theory became
as successful and widespread as the original one. At least until Lenore
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Blum, Michael Shub and Steve Smale introduced in [1] a simple yet
powerful generalization of the notion of Turing machine that is today
referred to as “BSS machine”. BSS machines are described briefly in
section 1but for now it suffices to say that they are similar to Turing
machines except that the computations are performed directly on a to-
tally ordered ringR. With these machines on hand, L. Blum, M. Shub
and S. Smale were able to define notions of computability and com-
plexity for partial functions fromRk to R`. As in the classical case,
BSS-computable functions can equivalently be defined in a “Kleene
way” involving a recursion rule that read as(1) with N replaced byR
(see sectionsection 1).

A natural question is therefore whether vector-recursion is stronger
or not than scalar-recursion for the BSS model. The answer is not as
easy as before since in generalR is not computably isomorphic1 toR`.
The purpose of this paper is to show that the two notions of recursion
are still equivalent. Besides the fact that this result answers a basic
question of the BSS-recursion theory, it has several implications, in
particular in hierarchies of computable functions where it shows the
equality of some complexity classes [4, 5].

The paper is organized as follows. In the next section, we will outline
in an elementary way the theory of BSS-machines and BSS-computa-
ble functions. We will also take that opportunity to set our notations.
Section 2is devoted to the proof of the equivalence.

1For example whenR is a real closed field whose transcendence degree over
Q is infinite, e.g.R = R, the dimension of a set is invariant under computable
isomorphisms anddim R` = ` (see e.g., [6]). ThusR` 6∼= R when` 6= 1. Let us also
mention in passing a very interesting result by van den Dries [3] that roughly states
that, for semi-algebraic isomorphisms, the two invariants are the dimension and the
Euler characteristic.
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1 BSS machines and computability

In their seminal paper [1], L. Blum, M. Shub and S. Smale describe a
new type of machine that can perform computations directly on a to-
tally ordered ringR. They also show how the associated computable
functions can be generated from a set of “basic functions”. The pur-
pose of this section is to provide the reader with a sketch of that theory,
emphasizing what will be of use to us. For more details, the reader is
referred to [1, 2]. Our presentation will differ slightly from [1] in order
to give us some more freedom in writing programs.

Let R be a totally ordered ring. As usualRk, k ∈ N, stands for the
cartesian product ofR, k times with itself. In addition,

R∞ :=
{
(xi)∞i=1 : all xi ∈ R and all but a finite number

of them are null
}
.

We will identify2 Rk×R` with Rk+`. Let us writeN6k
0 := {1, . . . , k}

whenk is an integer andN6∞
0 := N \ {0}. A machineis the data

of a finite set of variables,3 each of which belongs to someRk with

2This identification will be made even whenk and ` are infinite by means of
the following bijection : R∞ × R∞ → R∞ :

(
(x1, x2, . . . ), (y1, y2, . . . )

)
7→

(x1, y1, x2, y2, . . . ).
3Allowing several variables, each with their own length, can be seen as working

with several tapes—one per variable. Of course it is just a matter of presentation and
it does not change the power of the language.
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k ∈ N ∪ {∞}, and aflowchart (that is, a finite directed connected
graph). In addition to aninputand anoutputnode with their associated
variables — through which the program receives and outputs data —
the nodes of the flowchart can perform

a computation:

yyy
y ← g(x)y or a test:

yyy
h(x) > 0

yes↙ ↘ no

wherex ∈ Rk, y ∈ R` (k, ` < ∞) are variables andg : Rk → R`,
h : Rk → R are polynomial maps (or rational maps ifR is a field).
Moreover, ifx ∈ Rk, y ∈ R` with k, ` ∈ N ∪ {∞} and i, j ∈ R

are variables, a computational node can be of the so called fifth (or
shift) type4 ‘y[j] ← x[i]’ wherex[i] (resp.y[j]) is theith (resp.jth)
component ofx (resp.y) if i ∈ N6k

0 (resp.j ∈ N6`
0 ) and is undefined

otherwise (in which case the assignationy[j]← x[i] is nonterminating
i.e., it goes into an infinite loop). Finally, a computational node can
also be5 ‘ i ← length(x)’ where i ∈ R, x ∈ Rk with k ∈ N ∪
{∞} and length(x) := max{ι ∈ N : xι 6= 0}. In order that all
our programs make sense, we will assume that all the variables are
implicitely initialized to0.

In this paper we will use the same letter for a variable and for a par-
ticular instantiation of it. The context should tell the difference. For
exemple if we say “polynomial ofx” we are referring to the variable

4Clearly this is only new whenk or ` is infinite for otherwise this assignation can
be done by a polynomial map.

5This is made explicit to clarify the requirement by L. Blum, M. Shub and
S. Smale [1, p. 12] that (an upper bound for) the length of the initial data is stored in
memory. But then, one can keep track of the length of any variable during the course
of the computations if so one wishes. Again, this is only of interest whenk =∞.
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x whereas if we write “we evaluateP at x” we mean “at the number
stored inx.”

From the description above, it is natural to call acomputational path
a sequence of nodes starting at the input node — which implies some
data is provided through the associated variable, sayx ∈ Rk — end-
ing at the output node — lety ∈ R` be the associated variable —
and following the vertices of the graph, performing the computations
or choosing the next vertice according to the outcome of the tests.
So, every computational path maps some datax ∈ Rk to a “result”
y ∈ R`. However, the computation starting at somex ∈ Rk does
not necessarily reach the output node — and thus does not produce
a computational path —, so the mapx 7→ y may not be defined for
any x ∈ Rk. It is a partial map. Partial mapsRk ◦→ R` that are
generated by machines in the above way are calledcomputable. Here
we will use the notation ‘◦→’ to emphasize that the map is partial and
will reserve ‘→’ for total maps.

(x, k) ∈ R2

↓
(y, t)← (1, 1)

↓

k = 0
no−−−−−−−→←−−−−−−−

t
y
k

←
 tx

y + tx
k − 1


yes

y
outputy

Figure 1: Machine computingf .

As an example of BSS-machine, let us consider the problem of com-
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puting the Taylor expansion of1/(1−x) at orderk around0. In other
words, we want to compute the functionf : R × R ◦→ R, whose
domain isR× N, which is defined by

f(x, k) :=
k∑

i=0

xi.

The machine computingf uses the variables(x, k) ∈ R2 as input,
y ∈ R as output andt ∈ R as a “local” variable to the program. The
flowchart6 of this machine is drawnFigure 1. It is easy to see that the
computation starting with some(x, k) will stop iff k ∈ N. If k /∈ N,
the test ‘k = 0’ will always be false and the program will end up in an
infinite loop.

At this point it should be clear that, becauseZ ⊂ R, BSS machines
can execute all programs written for Turing machines. In particular
all discrete data structures are available to us. We can even code an
instance of such a discrete structure in a single integer. For example,
we can say thatn ∈ N represent (or even, abusively, “is”) a binary tree
with vertices labelled with integers. Of course, the operations on a dis-
crete structure that are Turing computable are also BSS-computable.

Now it is time to turn to a “Kleene vision” of BSS-computable func-
tions. The setR of partial BSS-recursive functions overR is the
smaller set of partial functions containing

(2) the polynomial mapsRk → R (or the rational mapsRk ◦→ R if
R is a field) wherek <∞;

6Strictly speaking of course, we should have replaced the test ‘k = 0’ by the two
tests ‘k > 0’ and ‘k 6 0’. We leave that modification to the reader.
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(3) the characteristic functionχ : R→ R defined by

χ(x) :=


−1 if x < 0,

0 if x = 0,

1 if x > 0;

(4) the inclusionsRk ↪→ R∞ : (x1, . . . , xk) 7→ (x1, . . . , xk, 0,

0, . . . ) and the projectionsprk : R∞ → R : (xi)∞i=1 7→ xk;

(5) the functionσ : R×R×R∞ ◦→ R∞ with domainN×N×R∞

defined byσ(n, m, x) = y = (yi)∞i=1 with yi = xi if i 6= m and
ym = xn;

(6) the length functionR∞ → R : x 7→ length(x);
and closed by the rules

(7) composition:if f : Rk ◦→ R` andg : R` ◦→ Rm are recursive
functions, so isg ◦ f : Rk ◦→ Rm : x 7→ g(f(x)) with domain
f−1(Dom g);

(8) juxtaposition:if f : Rk ◦→ R` andg : Rk ◦→ Rm are recursive
functions, so is(f, g) : Rk ◦→ R` × Rm : x 7→

(
f(x), g(x)

)
with domainDom f ∩Dom g;

(9) recursion: given two recursive mapsf0 : Rk ◦→ R` andF :
R × Rk × R` ◦→ R`, recursion says that the following map
f : R×Rk ◦→ R` is recursive wheref is uniquely defined by{

f(0, x) = f0(x)
f(n + 1, x) = F

(
n, x, f(n, x)

)
with domain being the set

⋃∞
n=0 Dn ⊂ N×Rk with D0 := {0}×

Dom f0 andDn+1 :=
{
(n + 1, x) :

(
n, x, f(n, x)

)
∈ Dom F

}
.

(10) minimalization:given a recursive mapF : R×Rk ◦→ R defined
at least onN×Rk, minimalization defines a functionf : Rk ◦→
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R by

f(x) = µnF (n, x) := min{n ∈ N : F (n, x) = 0}

whose domain is the set ofx ∈ Rk for which there exists a
n ∈ N with F (n, x) = 0.

It is well known [1, § 7] that the set of BSS-recursive functions and
the set of BSS-computable functions coincide.

The integersk and` being fixed, the set of partial maps fromRk to
R` that are BSS-recursive will be writtenR(Rk, R`). Becausè may
be> 1, (9) may be termed a vector-recursion scheme. If` = 1, (9)
will be called ascalar-recursionscheme. The smaller set of partial
functions containing(2)–(6) and closed under(7), (8), (9) with ` = 1,
and(10)will be denotedR1. Also,R1(Rk, R`) := R1∩R(Rk, R`).
Whenf ∈ R1, we will say that “f is ascalar-recursivefunction.”

We now have all the ingredients to state and prove our theorem. This
is the subject of the next section.

2 Proof of the equivalence

The aim of this section is to prove thatR1 = R. Of courseR1 ⊂ R,
so we only have to show that, iff ∈ R, it is also true thatf ∈ R1.
This is done in several steps, the more important of these is the fact
that the evaluation is scalar-recursive (seelemma 5). Let us start this
program with a simple generalization of the scalar-recursion scheme
that we will use later on.

Lemma 1. Let N0 ⊂ N be two Turing decidable subsets ofN and
δ : N × Rk ◦→ N , f0 : R × Rk ◦→ R, F : R × Rk × R ◦→ R be
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three scalar-recursive functions. Then the mapf : R × Rk ◦→ R is
scalar recursive wheref is defined by{

f(ν, x) = f0(ν, x) if ν ∈ N0

f(ν, x) = F
(
ν, x, f(δ(ν, x), x)

)
if ν ∈ N \N0

with domain being the set
⋃∞

n=0 Dn ⊂ N ×Rk with

D0 := (N0 ×Rk) ∩Dom f0 and

Dn+1 :=
{
(ν, x) : (ν, x) ∈ Dom δ, (δ(ν, x), x) ∈ Dn and(

ν, x, f(δ(ν, x), x)
)
∈ Dom F

}
.

Let us emphasize that the above recursive definition ofDom f implies
that, if (ν, x) ∈ Dom f , there is an ∈ N such that∆(n, ν, x) :=
δ(·, x) ◦ · · · ◦ δ(·, x)︸ ︷︷ ︸

n times

(ν) ∈ N0.

Proof. Let us define the two functionsϕ : R × R × Rk ◦→ R and
∆ : R×Rk ×R ◦→ R respectively by the recursions:{

ϕ(0, ν, x) = f0(ν, x)
ϕ(n + 1, ν, x) = F

(
ν, x, ϕ(n, δ(ν, x), x)

)
{

∆(0, ν, x) = ν

∆(n + 1, ν, x) = δ
(
∆(n, ν, x), x

)
In virtue of (9), ϕ and∆ are scalar-recursive functions. SinceN0

is Turing decidable, there exists a Turing-computable (hence scalar-
BSS-recursive) functiong : N→ N such that:ν ∈ N0 ⇐⇒ g(ν) =
0. Seth(ν, x) := µng

(
∆(n, ν, x)

)
= min{n ∈ N : ∆(n, ν, x) ∈

N0}. It is not difficult to show that

f(ν, x) = ϕ
(
h(ν, x), ν, x

)
.
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Hencef is scalar-recursive and the proof is complete.

We will first prove:

Theorem 2. R(Rk, R) = R1(Rk, R) for all k ∈ N ∪ {∞}.

Let f ∈ R. In order to ease the explanation of the argument, we will
seef as being computed by a BSS-machineM . We are first going to
show that we can “get rid of the constants” ofM .

Definition 3. We will say thatM is a BSS-machine with coefficients
in Z iff every polynomial (or rational) map appearing in a computa-
tional or a test node ofM has its coefficients inZ.

Let RZ be the set of all functions computed by BSS-machines with
coefficients inZ andRZ(Rk, R`) := RZ ∩R(Rk, R`).

Lemma 4. If RZ(Rk, R) ⊂ R1(Rk, R) for all k ∈ N ∪ {∞}, then
Theorem 2is proven.

Proof. Let f ∈ R(Rk, R) be computed by a machineM . Let us
noteg1, . . . , gp the polynomial (or rational) maps appearing in a com-
putational or a test node ofM . Let ai ∈ Rri be the coefficients of
gi : Rni ◦→ Rmi , a := (ai)

p
i=1 ∈ Rr1 × · · · × Rrp =: Rr and

g̃i : Rni × Rr ◦→ Rmi be like gi but with its coefficients seen as
variables inRr so thatgi = g̃i(·, a). Now, let M̃ be the machine
that possesses the same directed graph asM but with the nodes trans-
formed in the following way:

the variable, sayx ∈ Rk, of the entry node ofM is replaced with
(x, α) ∈ Rk ×Rr whereα is a new variable;
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each computational node ‘η ← gi(ξ)’ is changed into ‘η ←
g̃i(ξ, α)’;
each test node ‘gi(ξ) > 0’ (resp. ‘gi(ξ) > 0’) is replaced with
‘ g̃i(ξ, α) > 0’ (resp. ‘̃gi(ξ, α) > 0’);

the other nodes are left unmodified.

Let f̃ : Rk × Rr ◦→ R be the function computed bỹM . Clearly
f(·) = f̃(·, a). Since1 : Rk → Rk : x 7→ x andp : Rk → Rr : x 7→
a are two polynomial maps,7 (8) implies(1, p) ∈ R1. Then, from the
composition rule(7), one infersf = f̃ ◦ (1, p) ∈ R1.

The interesting consequence of the previous lemma is that the ma-
chines generating the functions ofRZ(Rk, R) are discrete structures.
Let M be such a machine. It consists of a finite set of variables and
a finite directed graph whose nodes are “labelled” with polynomial
(or rational) maps. But each of these polynomials is given by the
name and indices of the variables on which it acts plus a finite fam-
ily of integer coefficients. Nodes of the fifth type and of the type
‘ i ← length(x)’ are also determined by a finite family of integers.
So we see that the wholestructureof M can be described by a finite
number of integers. Adopting a coding, we can in fact assume that
M is described by asingleintegerm ∈ N. In the sequel, we will do
various operations on the structure of a machineM (following paths,
symbolically composing polynomials, . . .). We will leave to the reader
the proof that these operations can in fact be carried on the associated
integerm by a Turing machine — hence by a scalar-BSS-recursive
function.

7If k = ∞, 1 : R∞ → R∞ : x 7→ σ(1, 1, x) andp = (p1, . . . , pr) with
pi : R∞ → R : x 7→ x[i] are scalar-BSS-recursive (asr <∞).
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From now on, letf ∈ RZ(Rk, R), a machineM computingf and its
corresponding integerm be fixed. We will also notex ∈ Rk the input
variable andy ∈ R the output variable ofM .

It is well known that, unfolding the loops, the computational paths
can be seen on a (generally infinite) binary tree. Let us recall quickly
how. If several computational nodes follow each other in the graph
of the machine, we decide to group them in a single one. So, from
now on, computational nodes can perform sequentially several assig-
nations. Also, a computational node must be followed either by the
output node or by a test node. On the other hand, if a test node di-
rectly follows another, we can introduce a trivial computational node
‘x ← 1(x)’ between the two. Let the input node be the top node of
the binary tree. According to the “normalization” described above, we
can assume it is followed by a (possibly trivial) computational node.
That is symbolized by an arrow. Next is a test node that gives a two-
ways branching representing the two outcomes (‘yes’ or ‘no’) of the
test. Each of these branches start with a computation — represented
by an arrow — followed by another test — and so another two-ways
branching. The binary tree then unfolds by repeating this procedure.
When the output node is reached, a leave of the binary tree is created.
On the other hand, if one never hits the output node, the branch con-
tinuesad infinitum. To illustrate that construction, we have drawn on
Figure 2the beginning of the binary tree corresponding to the program
of Figure 1. This is the standard construction. However, here we need
a special expansion of the last two type of computational nodes. For
a shift node ‘η[j] ← ξ[i]’ we will perform all the necessary tests to
know the value ofi andj and then do the corresponding assignation
— seeFigure 3. A computation of the type ‘i ← length(ξ)’ will
also be transformed into a series of tests on the length and associated
assignations — seeFigure 4.
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(x, k) ∈ R2y (y, t)← (1, 1)

k = 0
−−−−−→
yes no

−−−−−→
(t, y, k)← (tx, y + tx, k − 1)

y
k = 0
−−−−−→
yes no

−−−−−→
(t, y, k)← (tx, y + tx, k − 1)

y · · ·

Figure 2: Tree of the machine ofFigure 1.

Since in general the binary tree is infinite, it cannot be coded by a
single integer. However, because the tree is a mechanical unfolding
of the BSS-machine, it is possible for a Turing machine to compute
it up to an arbitrary depth. More precisely, a possible path of length
` in the tree is determined bỳ answers ‘yes’ or ‘no’ to thè first
tests. If we code ‘yes’ by1 and ‘no’ by 0, a path is just a binary
word γ of length`. Such a word can be coded by a single integer.
Given a pathγ, let P (γ, zi) ∈ Z[x] denote the polynomial giving the
value of theith component of the variablez ∈ Rm as a function of
x at the ending node ofγ (for i > m, we setP (γ, zi) = 0). Even
thoughP (γ, zi) is a polynomial ofx and neither ofγ norzi, we write
it this way because we want to stress that this polynomial depends (in
a computable way, as we will see) of the dataγ andzi. It is indeed a
polynomial because, with the expansion above, all computation nodes

14



↓

i = 1

−−−−−−−−−−−−−−−→

yes no−−−−−−−−−−−−−−−→

j = 1 i = 2
−−−−−→
yes no

−−−−−→

−−−−−→
yes no

−−−−−→

η1 ← ξ1 j = 2 · · ·
· · ·

−−−→

−−−−−→
yes no

−−−−−→
... · · ·

· · ·

Figure 3: Tree associated to a node ‘η[j]← ξ[i]’.

↓

length(ξ) = 0

−−−−−−−−−→

yes no−−−−−−−−−→

i← 0 length(ξ) = 1

−−−→

−−−−−→
yes no

−−−−−→
... · · ·

· · ·

Figure 4: Expansion of ‘i← length(ξ)’.
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↓
γ = ∅−−−−−→
−−−−−→

γ = (1) γ = (0)−−−−−→
−−−−−→

γ = (01) γ = (00)

· · ·
· · ·

Figure 5: Paths for the tree ofFigure 2.

of the tree are polynomials. In fact, it enjoys a recusive definition.
If γ = ∅, P (γ, zi) is just given by the first computing node (or the

implicit initialization). If γ =
(
γ′ e

)
wheree is the last digit of the

path, we just look at the last node of computation to getz as a function
of other variables, sayz′, and then substitute these variables thanks to
P (γ′, z′j). As a consequenceP (γ, zi) is Turing computable.

Let us also defineT (γ) ∈ Bool(Z[x]) as the conjunction of all tests
of the type ‘g(x) > 0’, ‘ g(x) > 0’, and ‘length(g(x)) = k’ that ex-
presses that the pathγ is followed by an entryx. Becauseg(x) results
from the previous computations along the pathγ, it is a polynomial of
x. If γ is not a path of the binary tree,T (γ) is false. As an example,
for the machine ofFigure 1, T

(
(01)

)
= ‘k 6= 0∧ k− 1 = 0’ whereas

T
(
(10)

)
is false (see also Figures2 and5). By a reasoning similar to

the one forP (γ, zi), one shows that the formulaT (γ) is a computable
function ofγ.

Throughout this paper we will writeZ[x] for the shake of simplicity
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but it must be understood that we are in fact referring to a coding8 of
Z[x] into N and that the operations we will perform on the elements
of Z[x] are in fact performed on the corresponding codings. The same
can be said for the setBool(Z[x]) of boolean formulae. We shall write
Γ for the set of all binary words — that we also call abusively paths
— andV for the finite set containing the names of the variables ofM .
Again, Γ andV must be seen as (decidable) subsets ofN. Summing
up, we can say that the two functions

P : Γ× V × N→ Z[x] : (γ, z, i) 7→ P (γ, zi)

and

T : Γ→ Bool(Z[x])

are scalar-BSS-recursive.

We want to show that scalar recursion is enough to keep track of the
path a given datax ∈ Rk follows. The essential result is given by the
lemma:

Lemma 5. Let k ∈ N be fixed. Then the functionev : Z[x] × Rk ⊂
R×Rk ◦→ R : (P, x) 7→ ev(P, x) := P (x) is scalar-BSS-recursive.
This is also true fork =∞ if we defineZ[x] as

⋃∞
`=0 Z[x1, . . . , x`].

Proof. Let k ∈ N ∪ {∞} be fixed. Let us start this proof with some
elementary considerations. First, becausex 7→ xi is equal to the com-

posite functionRk ↪→ R∞ σ(i,1,·)−−−−→ R∞ pr1−−→ R, it is easy to see that
pr : Rk × R ◦→ R, defined bypr(x, i) = xi if i ∈ N6k

0 , is scalar-
BSS-recursive. Recall that, for a multi-indexα ∈ Nk, xα stands for

8By storing for example the degree and the integer coefficients of the polynomials.
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xα1
1 · · ·x

αk
k . We will show that the map

pow : Rk × Nk → R : (x, α) 7→ xα

is scalar-BSS-recursive. For anyα ∈ Nk \ {0}, let α# := min{i ∈
N6k

0 : αi 6= 0} andδ(α) := α − eα#
whereei ∈ Nk is the vector

whose all components are null except theith one which equals1. We
also set0# := 0 andδ(0) := 0. It is standard to show that the maps
Nk → N : α 7→ α# andδ : Nk → Nk are Turing computable. Since
the mappow can be defined by the recursion{

pow(x, 0) = 1,

pow(x, α) = pow
(
x, δ(α)

)
· pr(x, α#), if α ∈ Nk \ {0},

Lemma 1implies that it is also scalar-BSS-recursive.

Now, let us consider the two maps

Z[x]× Nk → Z : (P, α) 7→ coeff(P, α)

Z[x]→ Nk : P 7→ da(P ) =
(
d(P ), . . . , d(P )︸ ︷︷ ︸

a(P ) times

, 0, 0, . . .
)

wherecoeff(P, α) is the (possibly null) coefficient ofxα in P , d(P )
is the greaterd such that the termxd

i appears inP for somei ∈ N6k
0 ,

and a(P ) is the arity ofP , that is the greateri ∈ N6k
0 for which

P depends onxi. Since computing these maps involve only some
elementary operations on the structure of polynomialsP ∈ Z[x], they
are Turing computable. Let us also defineλ(P, α) as the multi-index
that is just beforeα for the lexicographic order and which is below
da(P ). More precisely,

λ(P, 0) = 0,

λ(P, α) =
(
d(P ), . . . , d(P ), αi − 1, αi+1, αi+2, . . .

)
.

18



wherei = α#. If α ∈ Nk is such thatαi ∈ {0, . . . , d(P )} for all
i, one can understandλ(P, α) as follows. One can interpretα as the
numberᾱ :=

∑k
i=1 αi

(
d(P ) + 1

)i−1
whose digits in based(P ) + 1

are theαi. Thenλ(P, α) gives the digits associated with̄α − 1. For
the same reasons as above,λ : Z[x]×Nk → Nk is Turing computable.
Let us defineE : Nk × Z[x]×Rk → R byE (0, P, x) = coeff(P, 0)

E (α, P, x) = coeff(P, α) · pow(x, α) + E
(
λ(P, α), P, x

)
.

Because ofLemma 1, E is scalar-BSS-recursive. In order to express
what the recurrence definingE does, one needs to introduce the fol-
lowing two orders “6” and “4” on multi-indices. First, there is the
usual (partial) order:

α 6 β ⇐⇒ ∀i ∈ N6k
0 , αi 6 βi.

Second, let “4” denote the lexicographical (total) order with the first
indices getting the lower weights:

α 4 β ⇐⇒ α = β or α ≺ β

α ≺ β ⇐⇒ ∃i ∈ N6k
0 , αi < βi and∀j > i, αj = βj .

Given these definitions, the following four facts are easy to check: for
all P ∈ Z[x],

P =
∑

α6da(P )
coeff(P, α)xα,(11)

for all α ∈ Nk, α 6 da(P ) =⇒ α 4 da(P ),(12)

for all β ≺ α in Nk with β 6 da(P ), β 4 λ(P, α) ≺ α,(13)

for all α ∈ Nk, α 6 da(P ) =⇒ λ(P, α) 6 da(P ).(14)
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As a consequence of(13)–(14), we have

(15) {β 6 da(P ) : β 4 α} = {β 6 da(P ) : β 4 λ(P, α)} ∪ {α}.

An argument by recurrence using(15)shows

E (α, P, x) =
∑

β6da(P )
β4α

coeff(P, β)xβ .

Thus, (11)–(12) implies ev(P, x) = E
(
da(P ), P, x

)
is scalar-BSS-

recursive and the proof is complete.

The previous result implies boolean formulae are also evaluable.

Lemma 6. Let k ∈ N ∩ {∞} be fixed. The mapev : Bool(Z[x]) ×
Rk → Bool : (ϕ, x) 7→ ev(ϕ, x), whereev(ϕ, x) = 1 if ϕ is true
when evaluated with datax and0 otherwise, is scalar-BSS-recursive.

Proof. Let ϕ ∈ Bool(Z[x]). Because it is only a mechanical transfor-
mation ofϕ, we can assume without lack of generality thatϕ has the
form

ϕ =
N∨

i=1

Mi∧
j=0

Bij whereBij is


‘Pij(x) > 0’,

‘Pij(x) > 0’, or

‘ length
(
Pij(x)

)
= Lij ’

with Pij ∈ Z[x], and ϕ 7→ N , (ϕ, i) 7→ Mi, (ϕ, i, j) 7→ Pij ,
(ϕ, i, j) 7→ Lij are Turing computable. For the atom formulaeBij ,
the evaluation is easy to define:

ev(Bij , x)

=


χ>0

(
ev(Pij , x)

)
if Bij is Pij(x) > 0,

χ>0
(
ev(Pij , x)

)
if Bij is Pij(x) > 0,

χ=0
(
length(ev(Pij , x))− Lij

)
if Bij is length(Pij(x)) = Lij ,
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whereχ>0(t) :=
(
−χ2(t)+χ(t)+2

)
/2, χ>0(t) :=

(
χ2(t)+χ(t)

)
/2,

andχ=0(t) = χ>0(t) · χ>0(−t). Thus(ϕ, i, j, x) 7→ ev(Bij , x) is
scalar-BSS-computable. From there it is easy to get the evalutation of
ϕ:

ev(ϕ, x) = χ>0

( N∑
i=1

Mi∏
j=0

ev(Bij , x)
)
.

It is scalar-BSS-recursive because(ϕ, i, x) 7→
∏Mi

j=0 ev(Bij , x) can
be defined by recursion onj and the same is true for the sum with
respect toi.

With these building blocks, we will show that we can compute the
path followed by an inputx and then the transformation ofx along
that path.

Proof oftheorem 2. Let f ∈ R(Rk, R). As said before,Lemma 4
implies one can assume thatf is computed by a machineM with
coefficients inZ. Let P andT be defined as before forM . Let also
ΓM ⊂ Γ be the set of computational paths, that is pathsγ ∈ Γ that
are ending at a leaf of the binary tree. Since it basically suffices to
follow the path (which is of finite length) on the binary tree expanded
from the flowchart ofM to see whether or not it ends at a leaf,ΓM

is a Turing decidable subset ofΓ. Consequently there exists a Turing
computable bijectionN→ ΓM : i 7→ γi. Let us set

I(x) := µi ev
(
T (γi), x

)
− 1 and γ(x) := γI(x).

Clearly,I : Rk ◦→ N andγ : Rk ◦→ ΓM are scalar-BSS-recursive.
Because an inputx ∈ Rk belongs toDom f iff it follows a computa-
tional path, we have thatDom f = Dom I = Dom γ. In fact,γ(x) is
the computational path followed byx (if such one exists). Ify ∈ R is
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the output variable ofM , the result of a computation starting withx
is given by howy depends onx along the pathγ(x). That is given by
P

(
γ(x), y

)
∈ Z[x]. Thus

f(x) = ev
(
P (γ(x), y), x

)
wich implies thatf is scalar-BSS-recursive.

Corollary 7. R(Rk, R`) = R1(Rk, R`) for anyk ∈ N ∪ {∞} and
any finite`.

Proof. Let f ∈ R(Rk, R`). One can writef = (f1, . . . , f`).
Sincefi = pri ◦f ∈ R(Rk, R), the preceding theorem shows that
fi ∈ R1(Rk, R). Then thejuxtaposition rule (8)says thatf ∈
R1(Rk, R`).

For functions valued inR∞, the theorem does not hold unless we
allow scalar recursive functions to be build using an additional opera-
tion. Let us describe it.

(16) vectorization :If F : R × Rk ◦→ R andL : Rk ◦→ N ⊂ R are
recursive functions such that

D := {x ∈ Rk : ∀n ∈ N0, (n, x) ∈ Dom F} ⊂ Dom L,

∀x ∈ D, ∀n > L(x), F (n, x) = 0,

then the functionvectF : Rk ◦→ R is recursive, wherevectF

is defined by

(vectF )(x) =
(
F (n, x)

)∞
n=1

with domainDom(vect F ) = D.
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Theorem 8. Let k ∈ N ∪ {∞}. The setR(Rk, R∞) coincide with
R1(Rk, R∞) if and only if we allowrule (16)to be used to construct
R1.

Proof. Necessity. We need to show that(16) is a rule that is valid in
R. Let us start by showing that the function

put : R×R×R∞ → R∞ : (n, ξ, x) 7→ (yi)∞i=1

whereyi = xi if i 6= n andyn = ξ, with domainN × R × R∞, is a
BSS-recursive function. It results from the fact that it is the following
composition of functions

N×R×R∞ −−−→1×1 N× N×R∞−−−−−−−−−→σ R∞−−−−−−−−−−−−→shift R∞

(n, ξ, x) 7−−−−→
(
1, n, (ξ, x)

)
7−−−−→

(
ξ, put(n, ξ, x)

)
7−−−−→put(n, ξ, x)

where, for the first map,1 denote the constant map with value1 and
we have usedR×R∞ ∼= R∞, and the last map is the left shift defined
by shift(x) := s

(
length(x) + 1, x

)
with s : N × R∞ → R∞ being

given by {
s(0, x) = x,

s(n + 1, x) = σ
(
n + 2, n + 1, s(n, x)

)
.

Now, letf : N×R∞ → R∞ be defined by the recursion{
f(0, x) = 0,

f(n + 1, x) = put
(
x, F (n, x), f(n, x)

)
.

Then,(vectF )(x) = f
(
L(x), x

)
and we are done.

Sufficiency. This part comes from the fact that we are able to get an
upper bound on the length of the result without actually computing it.
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More precisely, letf ∈ R(Rk, R∞). It is easy to see thatLemma 4
extends to this case and so one may assume that the machineM com-
putingf has its coefficients inZ. Let us callx ∈ Rk the input variable
andy ∈ R∞ the output one. Let alsoP andT be defined as above.
In the same way as in the proof oftheorem 2, we can define the map
Rk ◦→ ΓM : x 7→ γ(x) that gives the path associated with an input
x ∈ Rk. Then the following map

ϕ : N×Rk ◦→ R : (n, x) 7→ ev
(
P (γ(x), yn), x

)
is scalar-BSS-recursive. MoreoverDom ϕ = N × Dom γ = N ×
Dom f . On the other hand, given a pathγ ∈ ΓM , let L(γ) be the
maximumn ∈ N such thatyn depends onx. The mapΓM → N :
γ 7→ L(γ) is Turing-computable because it suffices to symbolically
compose the polynomials givingy as a function ofx along the pathγ
to see which is the greater component ofy that is involved. Clearly,
one has the following property:

∀x ∈ Dom f, ∀n > L(γ(x)), ϕ(n, x) = 0.

We can therefore use vectorization onϕ. Since

f = vect ϕ,

the mapf is scalar-recursive and the proof is complete.

To conclude this paper, we would like to show that the use of the
vectorization rule is necessary in the sense that, without it, one can
compute all the components off but not pack them into a single vec-
tor. In other words, if we denoteR1

vect the set of scalar-BSS-recursive
functions build using vectorization, we claim that

R1(Rk, R∞) $ R(Rk, R∞) = R1
vect(R

k, R∞).

This will result from the following property of functions inR1.
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Lemma 9. If f : Rk ◦→ R` belongs toR1, there exists a finite
number of recursive functionsa1, . . . , aN : Rk ◦→ R such that

Dom f ⊂
N⋂

n=1

Dom ai,(17)

∀x ∈ Dom f, ∀j ∈ N6`
0 ,(18)

fj(x) ∈ {xi : i ∈ N6k
0 } ∪ {a1(x), . . . , aN (x)}

To ease the notations, we will set, for allz ∈ Rm, S (z) := {zi : i ∈
N6m

0 }. With this, we can write(18)as

∀x ∈ Dom f, S
(
f(x)

)
⊂ S (x) ∪ {a1(x), . . . , aN (x)}.

Of course, that property is only of interest if` =∞ for otherwise it is
always satisifed (takean = fn for n 6 ` =: N ).

Proof. We must see that the basic functions(2)–(6) satisfy that prop-
erty and that it is preserved by(7)–(10). As just said, if the target of
the function is notR∞, the property automatically holds. So(2), (3),
the projections of(4), (6), (9) with ` = 1, and(10) need no further
argument. Let us examine the other cases.

For the inclusionik : Rk ↪→ R∞ of (4), they trivially satisfy the
above property becauseS

(
ik(x)

)
⊂ S (x).

For the mapσ, it is also obvious asS
(
σ(n, m, x)

)
⊂ S (x).

For the composition, supposef : Rk ◦→ R` and g : R` ◦→
Rm are such thatS

(
f(x)

)
⊂ S (x) ∪ {a1(x), . . . , aN (x)} and

S
(
g(y)

)
⊂ S (y)∪{b1(y), . . . , bM (y)} whereai : Rk ◦→ R and
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bj : R` ◦→ R are recursive. Then

S
(
(g ◦ f)(x)

)
⊂ S

(
f(x)

)
∪

{
b1 ◦ f(x), . . . , bM ◦ f(x)

}
⊂ S (x) ∪

{
a1(x), . . . , aN (x),

b1 ◦ f(x), . . . , bM ◦ f(x)
}
.

It remains to deal with the juxtaposition rule. Letf : Rk ◦→ R`

andg : Rk ◦→ Rm be such thatS
(
f(x)

)
⊂ S (x) ∪ {a1(x), . . . ,

aN (x)} andS
(
g(x)

)
⊂ S (x) ∪ {b1(x), . . . , bM (x)}. Then

S
(
(f, g)(x)

)
= S

(
f(x)

)
∪S

(
g(x)

)
⊂ S (x) ∪

{
a1(x), . . . , aN (x), b1(x), . . . , bM (x)

}

Using this Lemma, we will show thatR1(R,R∞) $ R(R,R∞). Let
us consider the map

f : R ◦→ R∞ : x 7→ (1, 2, 3, . . . , x, 0, 0, . . . ) if x ∈ N.

It is recursive becausef = vect F with F (n, x) = n χ>0(x −
n) int(x) andint(x) = 1 if x ∈ N and is undefined otherwise. How-
ever,S

(
f(x)

)
can possess an arbitrary large number of elements so

it cannot satisfy(18).
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